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Abstract

Many learning problems require outputs that satisfy hard constraints, such as safety limits
and physical laws, exactly at every input. Differentiable projection layers enforce them by
construction, but the projection can dominate training and inference cost, and under fixed
iterative budgets its gradient degrades as more constraints become tight. We show that, for
any projection solver, the implicit-differentiation system is block-triangular with respect to the
active manifold defined by the tight constraints, so the backward pass reduces to one solve on
its normal and curved tangent directions. Our Active-Set Projection Layer (ASPL) reads this
manifold off any forward solver and uses it in both passes: the backward solves only over the
tight and curved directions, and the forward projects onto the face while it holds. We prove
finite-time identification and a local O(1/T) training rate. On quadratic programs, motion
planning, and inverse kinematics on real robot logs, ASPL improves accuracy or cost over
existing projection layers and solvers, and it also enforces the constraints in maze planning and
flow-matching manipulation.

Project page: aspl-net.github.io

1 Introduction

Many learning-based systems must produce outputs that satisfy hard constraints. Examples include
joint and torque limits in robot control (Kumar et al., 2021; Nubert et al., 2020), obstacle and
workspace boundaries in autonomous controllers (Ames et al., 2019; Agrawal et al., 2025), PDE
constraints and conservation laws in neural PDE solvers and generative models (Négiar et al., 2023;
Utkarsh et al., 2025), state and action bounds in safe reinforcement learning (Dalal et al., 2018;
Kasaura et al., 2023), and feasibility in resource allocation (Donti et al., 2021; Pan et al., 2021) and
structured prediction (Wang et al., 2019; Niculae et al., 2018). In each setting, the constraints must
hold exactly at every context x, not just approximately or on average.

Formally, given training contexts xi,...,xy € X, we cast this as the parametric constrained
optimization problem of learning a predictor yg : X — R? over closed feasible sets C (x) C R? that
minimizes a context-dependent objective ¢ : R x X — R:

Hbin o(0) £ %Z@(YQ(XQ, x;) st yg(xi) €C(x;), i=1,...,N. (PCO)
i=1

Here, ¢ is a per-context cost (e.g., a loss against the solution of a constrained problem). A standard
way to guarantee this is to compose a backbone fg: X — R? with the metric projection, yo(x) =

e (fg(x)) (Figure 1).

*Equal contribution.
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Figure 1: ASPL overview. Top: a backbone maps the context x to a prediction, and the
projection layer returns the nearest feasible point y, on a face where some constraints are tight
(orange). The forward pass finds this face, the backward pass (dashed) reuses it with one small
solve, and training moves y along the face, as Theorem 3 assumes. Bottom: (a) Within g of the
solver’s limit every projection lies on the tight face, so the tight set is fixed before convergence
(Theorem 2). (b) At y some directions are free (blue), others blocked or curved (orange). (c) Only
these need a linear solve, dn X dn instead of d x d (Theorem 1).

Prior work addresses (PCO) in four ways. Soft-penalty approaches (Raissi et al., 2019; Fioretto
et al., 2021) add a violation term to the training loss, which is general but admits nonzero point-
wise violation and requires per-problem weight tuning. Restricted parameterizations (Tordesillas
et al., 2023; Min and Azizan, 2024) encode constraints into the architecture so feasibility holds by
construction, but only for specific constraint classes (fixed convex sets or input-dependent affine
constraints), not a general C(x). Correction-completion methods such as DC3 (Donti et al., 2021)
predict a partial output and complete it heuristically, trading exactness for speed. Differentiable
projection layers (Amos and Kolter, 2017; Agrawal et al., 2019; Grontas et al., 2026) are the fourth:
feasibility is exact at every query, the constraint set may depend on x, and gradients flow through the
projection via the implicit function theorem (IFT). With many or curved constraints, the projection
can dominate training and inference cost.

These IFT-based layers solve a d-dimensional linear system on every backward pass, regardless
of the projected geometry, and with the fixed Krylov budget used in practice (Grontas et al., 2026;
Saad, 2003) the gradient error of IInet grows as more constraints bind (Figure 9). Only the blocked
and curved directions need a linear solve in the backward pass, so the solve scales with their number
dn, not with d. Dropping inactive constraints from the backward pass is known for polyhedral
problems whose solver identifies the support (Niculae et al., 2018; Bertrand et al., 2022). New here
are a reduced form for curved and prox-regular sets under any forward solver, and identification
on such sets by the layer’s own solver before it converges. ASPL (Active-Set Projection Layer,
Figure 1) identifies the active manifold C4(x) in the forward pass and reduces the backward pass
to its normal block. Our contributions are:

(C1) Reduced IFT for the projection map (Theorem 1). We show that, under Assump-
tions A—D, the implicit-differentiation system of the projection onto an intersection C; NCs of simple
sets is block lower-triangular, with a scalar block on the directions the tight constraints leave free,



so the backward pass, for any solver, is one solve on the blocked and curved directions. On flat
active manifolds the Jacobian is the tangent projector of C4(x). On curved ones the solve adds
curvature.

(C2) Finite-time identification (Theorem 2). We prove that any solver whose block-
projection arguments converge identifies C 4(x) in finitely many iterations under partial smoothness
and strict complementarity, after which the reduced backward runs on the correct face (Figure 1).

(C3) End-to-end convergence (Theorem 3). We prove that, with exact backward solves and
a locally contracting forward solver, ASPL reaches an O(1/T) stationarity rate on (PCO) using
O(log T) forward steps per training iteration.

(C4) Experiments across applications (Section 4). We evaluate ASPL on parametric QPs,
multi-robot motion planning, inverse kinematics on real teleoperation logs, maze trajectory planning,
and constrained flow matching. Across these tasks, ASPL enforces the constraints, is more accurate
than IInet in most settings, and is cheaper than exact solvers in the batched regime.

2 Proposed Framework

A differentiable projection layer has two passes. The forward pass maps the backbone output to
the nearest feasible point with an iterative solver, e.g., operator splitting (Grontas et al., 2026),
Dykstra’s algorithm (Boyle and Dykstra, 1986), or interior-point methods (Amos and Kolter, 2017;
Agrawal et al., 2019). The backward pass propagates the loss gradient through this projection,
typically by implicitly differentiating the solver’s optimality or fixed-point conditions, which costs a
d x d linear solve per sample. ASPL reuses the active set found by any solver in both passes: it can
restrict the forward solve to the active face and restricts the backward solve to its normal block.

Let yraw = fg(x). Thenyg(x) = Ilc(x) (Yraw) € C(x) by construction, so (PCO) is unconstrained
in @. For £ £ ¢(-,x), the chain rule gives

o Ol (x) (Yraw) dfg(x)
ve E B @ . ayraw . 80 ' (1)

The outer factors are cheap (an analytic loss and an autodiff backbone). The middle factor is
the backward pass. Existing layers obtain it from the solver by implicit differentiation or un-
rolling (Amos and Kolter, 2017; Agrawal et al., 2019; Donti et al., 2021; Grontas et al., 2026).
ASPL obtains it from the projection map itself.

2.1 The projection layer and its active manifold

The forward pass computes

y & He(x) (Yraw) = argmin%Hz—yraW\F, (2)
z€C(x)

the best-approximation problem for C(x) (Bauschke and Combettes, 2017). The backward pass

below depends only on the map ll¢(y), not on the procedure that evaluates it, so any solver returning
¥ and the split (3) below is admissible (Proposition 1).

Two-set representation. Practical constraint sets are intersections of simple pieces. We write
C(x) = C1(x) N Ca(x) with closed-form block projections Il¢, (affine N box, affine N Lorentz cone,
affine N product of obstacle complements). Three or more pieces reduce to two by the product-
space construction of Pierra (1984). For example, the QP feasible set {y : Ay = x, Cy < u}



of Section 4.1, with p inequality rows, becomes, with slacks & = u — Cy, the intersection of the
affine set C; = {(y,o) : Ay = x, Cy + o = u}, projected by one linear solve, and the orthant
Cy, = R% x ]RZO, projected by clipping. A second-order-cone constraint takes a Lorentz cone as Co
instead. At the solution the residual splits into block normals,

Yraw —Y = N +ny, y = Hcl(x)(y"i'nl)v y = HCQ(X)(y+tn2)7 (3>

for some t € (0,1]. Each n; is the part of the residual normal to block 4, and every t € (0, 1] works
when Cy is convex. The Jacobian below does not depend on the choice. The differentials of the two
block projections at the points where (3) evaluates them,

P 2 Dllg (¥ +m1), Q2 Dllgyu(y +tna), (4)

are the only objects the backward pass needs.

Any exact method for (2) may be used, provided it returns y together with the split (3). For
the training analysis we view the solver as a fixed-point iteration s(*t1) = T(s(k),yraw;x) whose
fixed point determines ¥ and the split.

Definition 1 (Active manifold). Let C C R? be closed and proz-reqular aty € C. A set M >y is the
active manifold of C aty if, neary, M C C is a C? manifold with normal space N (y) = span Ne(y)
and N¢ is continuous along M at'y. That is, C is partly smooth at'y relative to M (Lewis, 2002),
and M is locally unique (Hare and Lewis, 2004). We write C4(x) for the active manifold of C(x) at
y, 1c, for its tangent space, and C.1,Ca2 for the active manifolds of the two blocks.

The active set is the special case of a set cut out by constraint functions. Let C(x) be given
by constraints ¢;(y;x) < 0 or ¢;(y;x) = 0, 4 = 1,...,m, with C? functions ¢;. The active set
A(y) 2 {i: ¢;(y;x) = 0} contains every equality. If the gradients Ve¢;(y), i € A(y), are linearly
independent, the active manifold near y is {z : ¢;(z;x) = 0, i € A(y)}, of codimension |A(y)|. A
polyhedron needs no independence condition: its active manifold is the face with y in its relative
interior. The definition needs no constraint functions: on a Lorentz cone the active manifold is {0}
at the apex and the boundary without the apex at other boundary points.

Let F be the orthogonal projector onto the free directions F = {v : Qv = v}, along which C A2
is flat at y (Figure 1b), and N 2 I — F with dn £ rank N. We write Xyyv 2 UXV and uy = Uu.
On a polyhedral face, F and N are the tangent and normal projectors and dy is the number of
blocked coordinates. On a curved manifold dn also counts the curved tangent directions.

2.2 Curvature-aware IFT for the projection map

The chain rule (1) routes Vg through DIl¢(x)(yraw). ASPL obtains it by differentiating the three
identities (3), which every exact solver satisfies, not the fixed-point map of one iteration. Our results
use four standing conditions at the projection y.

Assumption A (Prox-regular feasible set). For every context x, C(x) is closed with reach at least
R(x) >0 aty (Federer, 1959), and dist(yraw,C(x)) < R(x).

Assumption B (Partial smoothness and prox-regularity). For every context x, the blocks
Ci(x),Ca(x) are prox-regular at ¥, and each is partly smooth there relative to its active manifold
Ca,i(x) in the sense of Lewis (2002). If Ci(x) is nonconvez, the block normal ny of (3) has norm
below the reach of C1(x) aty (Appendix A2.4).



Assumption C (Strict complementarity). (i) For one context. At the given (X, Yraw) the residual
lies in the relative interior of the normal cone, yraw —y € relint Ne(x) (¥), with margin v > 0, and
the block normals are linearly independent, span N, (¥) Nspan Ne, (¥) = {0}. (9i) Across contexts.
Condition (i) holds with a common margin v at every training context x; and every 0 in a bounded
open set No.

Assumption D (Reduced nondegeneracy). (i) For one context. With K; 2 P + Q(tI — P), the
block Knn £ NK;N is nonsingular on range N. (i) Across contexts. Its condition number is
bounded uniformly over the training contexts and 6 € NJ.

Theorem 1 (Curvature-aware reduced IFT operator). Suppose Assumptions A-D hold. Then ¢y
is differentiable at yyaw and

DIl (Yraw) = tPK;'Q, K; = P+Q(tI-P). (5)

The matrix Ky is block lower-triangular in R? = F @ FL with scalar leading block tI and KnN =
t QNN + (I— QnN)PNN. Consequently, for a loss cotangent ¢ = 00/0y|y, the gradient with respect
to the raw output is OL/Oy aw = t Qv, where v solves K v = Pc in two stages,

KinvN = (Po)n,  vi = §[(Pc)r — K\pvn], (6)
at the cost of one dn X dn solve.

Once the tight constraints are known, the free directions need no solve, only the substitution
in (6). Applying P reuses the factorization the forward pass already holds. Only the dn blocked
and curved directions need a linear solve, and the curvature of the set enters only there (Fig-
ure 1c). On flat manifolds the Jacobian is the orthogonal projector onto the tangent space of C4
(Appendix A2.4).

The reduction pays off when dn < d, and not on a Lorentz cone of dimension k, where k — 1 of
its k coordinates enter the dense block. Measured speedups are below the flop ratio (d/dn)?, which
tends to 1 as dy — d (Figure 9c).

Proposition 1 (Independence of the solver). Under Assumptions A-D, let the solver be a C* fived-
point map T whose fized point returns y through a C' read-out for all yiaw nearby. If I — DgT is
invertible there, implicit differentiation through T returns (5), so every such solver gives the same
gradient.

2.3 Active-manifold training

Algorithm 1 summarizes training. The two passes need the face at different times. The backward
needs only the face read off the current solver state, so the reduced solve of Theorem 1 runs at every
step with P and Q taken at that state, and it is exact once the state has converged. The forward
needs the face in advance. Each context keeps its active set from the previous iteration, projects
onto its face, and runs the full solver only when the result violates a constraint, a multiplier has the
wrong sign, or the displacement is not below the reach of C(x;).

In Algorithm 1, the contexts x;, the backbone fg, and the loss £ = (-, x;) are those of (PCO),
and 7 is the step size. T is the fixed-point map of the forward solver and 7% denotes K of its
steps. Its state s; determines the projection y;, the split (nj,ny,t) of (3), and the active set A;,
whose face is the active manifold C4(x;) (Definition 1). The map Il¢, projects onto the face of A;.

Initially A; = (), whose face is R, so the projection returns y,aw. The face projection returns the



Algorithm 1 ASPL

Require: contexts {x;} |, network fg, solver map T, solver steps K, step size 7, reaches R;

1: 8 0; A; < 0 for all ¢ >empty faces: first pass is full
2: repeat

3: for all i in parallel do

4: Yraw < fg(Xi) >backbone
5: Y HC.A,; (Yraw) >reduced forward on the face of A;
6: if y’L ¢ C(Xz) Or Yraw — YZ ¢ NC(xZ)(yz) or Hyraw - yz” Z RZ then

7: s; + TE(8, Yraw; Xi); read y;, A; off s; > full forward, identify (Thm. 2)
8: end if >accepted = exact projection
9: r; + tQv; with v; from (6), ¢ = V{(3,) >reduced backward (Thm. 1)
10: g « (0fg(x:)/08) r, > pull back to 6
11:  end for
122 0+ 60— > g §<« mean of the updated s; >step, warm start

13: until converged

split through the multipliers of the active constraints. The multipliers have the right sign exactly
when yraw —¥; € Ne(x,)(¥;)- Feasibility and this normal-cone condition characterize the projection
when ||yraw — ¥;|| is below the global reach R; of C(x;) (Federer, 1959), with R; = oo for convex
sets, so an accepted face projection is exact. The test is conservative: R; can be zero, for example
for cardinality sets, and then the full solver always runs, although the reach of C(x;) at y; would
already suffice (Federer, 1959, Thm. 4.8(12)). The check fails when a parameter update changes
the active set. P and Q are the block Jacobians (4), v; solves (6), r; is the gradient with respect
to the raw output, and g; is its pull-back to @. Our experiments train with the full solver at every
step and apply the reduced backward to the face read off its final state, by Cholesky or CG. The
feasibility and sign check runs only at evaluation in the polyhedral layers: when the solver output
violates a constraint, they solve on the face and add violated rows and drop rows with wrong-sign
multipliers. Appendix A2.2 gives the solvers and how each reads off A;, and Appendix A3.5 the
pooled warm start.

3 Identification and Convergence

The reduced backward needs the active manifold. Any solver with convergent block-projection
arguments finds it in finitely many steps.

Theorem 2 (Finite-time identification). Under Assumptions A-C, fiv Yraw € R? with split (3).
There is ¢ > 0 such that each block projection maps every point at distance less than o from its
argument at the solution, §¥ + ny for C; and ¥ + tny for Ca, into its active manifold C41(x) or
Ca2(x). Hence, for any solver whose block-projection arguments converge to these points, the active
manifold Ca(x) = Ca1(x) NCa2(x) (for constraint functions, the active set A) is read off exactly
after finitely many iterations.

The solver therefore need not converge before the tight constraints are known. Once its iterates
are within o of the limit, the active set stops changing (Figure la). For a solver contracting at
rate 1 — § from a bounded start, with block-projection arguments Lipschitz in its state, this takes
O(6 tlog(1/p)) iterations. The proof applies the identification theorem of Hare and Lewis (2004)
to the block projections. From that iteration on, the reduced backward of Theorem 1 runs on
the correct face. It is exact for polyhedral blocks, whose P and Q do not change while the block
projections stay on the face, and converges with the solver state on curved ones.



Table 1: Parametric QP with d=2000 across active-set ratios. Relative suboptimality (RS) and total
training wall-clock (s). All methods reach CV < 10™* except DC3, which fails the hard-feasibility
bar at every ratio. ASPL stays flat in RS while IInet’s RS grows by three orders of magnitude.
Batch size 64; ASPL entries are medians over four seeds. Best per metric in bold.

ASPL (Chol)  ASPL (CG) IInet JAXOpt DC3
ratio RS / Time RS / Time RS / Time RS / Time RS / Time

0.05  1.923e-4 / 90 1.698¢-4 / 84 1.620e-4 / 172 1.880e-4 / 7886 6.084e+1 / 521
0.10 1.636e-4 / 105 1.628e-4 / 90 1.910e-4 / 171 2.623e-4 / 8217 1.160e+2 / 535
0.15 1.904e-4 / 128 1.501e-4 / 104 2.120e-4 / 184 3.208e-4 / 8135 1.578e+2 / 530
0.20 1.929e-4 / 147 1.792e-4 / 116 6.281e-4 / 176  4.943e-4 / 7938 1.976e+2 / 519
0.25 1.763e-4 / 178 1.573e-4 / 127 2.850e-3 / 178 6.798e-4 / 8285 2.398e+2 / 521
0.30 1.599e-4 / 203 1.723e-4 / 135 1.489¢-2 / 186 1.316e-3 / 9560 2.820e+2 / 532
0.35 2.276e-4 / 239 2.560e-4 / 150 5.718e-2 / 193 6.573e-4 / 10630 3.334e+2 / 527
0.40 1.507e-4 / 267 1.461le-4 / 162 9.618e-2 / 193 1.347e-3 / 11547 3.758e+2 / 532
0.45 1.504e-4 / 317 1.543e-4 / 183 1.650e-1 / 193 1.025e-3 / 14049 4.284e+2 / 528

Theorem 3 (Convergence of ASPL, informal). Let ® be the objective of (PCO) withyg = I o fg-
Suppose Assumptions A—D hold at the training contexts, ® has an Lg-Lipschitz gradient, the forward
solver contracts toward its fized point at rate 1 — §, the gradient read-out is calm at the fixed point
(its change is at most Ly times the distance of the solver state from the fized point), the backward
solve is eract, and the iterates stay in N,. Then Algorithm 1 withn =1/Le and K = O(6'logT)
forward steps per iteration satisfies min, o7 | V®(O)||2 = O(1/T).

Training with ASPL thus reaches the O(1/T) rate of gradient descent with exact gradients on
smooth nonconvex objectives, with only O(logT') projection-solver steps per iteration. The result
is local: Assumption C(ii) assumes each training context stays on one active manifold, and iterates
that move between manifolds are outside its scope.

4 Experiments

We evaluate ASPL on synthetic quadratic programs, where the exact optimum is known and the
active-set ratio is controlled (Section 4.1), and on four robotics applications: multi-robot motion
planning, inverse kinematics on real teleoperation logs, maze trajectory planning, and constrained
flow matching for a generative policy (Sections 4.2-4.5). All learned methods share the backbone
and data, feasibility is measured on the projected output, and GPU timings are on one A100.
Appendix A4 gives full setups.

4.1 Parametric quadratic programming

We solve the parametric QP

y*(x) = argmin y Hy +q'y st. Ay=x, Cy <u, (7)
yER4

with H > 0, d=2000 variables, neq=100 equalities, and nineq=2000 inequalities. The active-set
ratio, the fraction of inequality constraints tight at the optimum, is swept from 0.05 to 0.45, and all
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Figure 2: QP across the active-set sweep (color: active-set ratio). Left: test RS vs. test CV.
Right: test RS vs. training wall-clock. The RS of IInet (squares) grows with the ratio, and both
ASPL variants stay low.

methods share an MLP backbone trained against the ground truth (Appendix A4.1). We compare
with IInet (Grontas et al., 2026), JAXOpt (Blondel et al., 2022), and DC3 (Donti et al., 2021), and
run ASPL with a Cholesky (Chol) and a conjugate-gradient (CG) solve of its reduced system. We
report the relative suboptimality RS of the objective of (7), clipped at zero because an infeasible
point can reach a lower objective, the worst-case constraint violation CV over all equalities and
inequalities, and the total training wall-clock.

ASPL keeps its accuracy as the constraints tighten (Table 1, Figure 2). Its RS stays near 2x10~*
over the whole sweep, while that of IInet grows by three orders of magnitude. Its constraint violation
is also orders of magnitude below that of IInet (Figure 2, left). Both variants train far faster than
JAXOpt, and CG also trains faster than IInet at every ratio. DC3 never reaches the feasibility bar.
The CG variant stays cheaper than Cholesky as the active set grows, because only Cholesky factors
the growing normal block. At batch size 2048 the gap narrows (Appendix A4.1). The difference
lies in the backward pass. At a fixed forward budget, the error of the Krylov gradient of Ilnet
grows with the active-set ratio, while the reduced gradient of ASPL is exact once the active set
is identified, as Theorems 1 and 2 predict, and cheaper than an ambient solve of equal accuracy
(Figure 9 in the appendix).

4.2 Multi-robot motion planning

We use the multi-robot benchmark of Ilnet (Grontas et al., 2026, §3.2, App. B.3-B.4): planar
robots move from start to goal under workspace, velocity, acceleration, jerk, and pairwise collision-
avoidance constraints, at two scales (r5h25: 5 robots over 25 steps, d=770; r8h50: 8 robots over
50 steps, d=2,432), with the active-set ratio nact/(d — neq) of active inequalities to the dimensions
left by the equalities varied across cells. The network maps the start and goal configurations to all
trajectories. Both methods train for 50 epochs with the same backbone and 200 forward iterations.
IInet differentiates with 200 BICGSTARB iterations at batch size 256, fixed by its reference runner,
and ASPL uses batch size 512, so it takes half as many updates per epoch. ASPL follows the
ground-truth trajectories where IInet drifts (Figure 3, top left). Its position error is orders of
magnitude lower when few constraints bind, and the gap narrows as more of them bind (Figure 3,
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Figure 3: Multi-robot motion planning. ASPL is the Cholesky variant, ASPL (Chol), in the
top-left and bottom panels. Top left: predicted (solid) and ground-truth (dashed) trajectories on
r5h25 over the coverage map. IInet drifts from the ground truth and ASPL follows it. Top right:
training wall-clock vs. active-set ratio on r8h50. The cost of IInet climbs and that of ASPL stays
flat. Bottom: per-step position error on r5h25 at three active-set ratios. The gap between IInet
(squares) and ASPL (circles) narrows as the ratio grows.

bottom). For 16 robots over 100 steps, ASPL’s error stays below that of IInet over most of the
horizon at the three largest ratios (Appendix A4.3). The training time of Ilnet grows with the
active-set ratio, while that of ASPL stays flat (Figure 3, top right).

4.3 Inverse kinematics on real teleoperation logs

Chunk-level differential IK projects a raw joint-velocity chunk onto the task equalities J(q;)v: = ey,
joint limits, and an acceleration coupling between frames. We run it in closed loop on held-out
real teleoperation logs of a Dexmate Vega-1 (17 DoF; Niu et al., 2026) and a Unitree G1 humanoid
(35 DoF, standing and walking; Unitree Robotics, 2026), with the same constraints for all methods.
ASPL meets the task to below 107! on every chunk (Figure 4) and, in closed loop, tracks the
operator to within a few millimeters, as the exact QP solver does. Under the same acceleration
bound, the per-frame controllers PINK (Caron et al., 2024) and an SNS-style step (Flacco et al.,
2015) drift by tens of millimeters on Vega-1 and the G1 table task. Only PINK tracks better, and
only when walking, where the targets outrun the bound. Restricted to one frame, ASPL drifts
as well, so its accuracy comes from planning over the whole chunk. With the bound ignored, the
per-frame controllers track closely but violate it on every setting. With it imposed on one frame,
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Figure 4: IK on real logs. Left: head-camera frames from the held-out teleoperation logs of the two
robots. Right, top: worst-chunk task error | Jv—e| (dashed: 1071°), closed-loop joint acceleration,
and bound violation of ASPL (blue) and per-frame controllers (clip: limits only). Right, bottom:
solve time vs. chunk length against Clarabel (Goulart and Chen, 2026), quadprog (Goldfarb and Id-
nani, 1983), ProxQP (Bambade et al., 2022), 0SQP (Stellato et al., 2020), and cvxpylayers (Agrawal
et al., 2019); ASPL is below Clarabel at every length.

PINK still exceeds it on every setting and the SNS-style step on both G1 tasks, while ASPL and
Clarabel exceed it only when walking. On the arm tasks ASPL moves the joints more smoothly
(Figure 4). Batched, ASPL solves faster than Clarabel at every chunk length (Figure 4, bottom),
and its gradient is three to four orders of magnitude cheaper than that of cvxpylayers, whose
conic solver stops early and returns inaccurate gradients (Appendix A4.4). As the output layer of
an amortized IK network, it meets the task on every held-out frame and the joint limits on nearly
all of them, whereas a regression head violates a limit on most frames.

4.4 Maze trajectory planning

The Graph-of-Convex-Sets (GCS) maze benchmark of Marcucci et al. (2023) plans a smooth path
through a maze by choosing a sequence of free cells and fitting a Bézier curve inside them. We fix
the cell path by breadth-first search and let ASPL amortize the remaining convex problem. An
MLP maps the start and goal to the Bézier control points, and the layer projects them onto the
polytope of the path, which pins the endpoints, sets the start and goal velocity and acceleration to
zero, enforces continuity up to third order at every cell junction, and keeps each control point inside
its cell. We test a fixed maze with new start and goal points (S2) and a new maze for every query
(S3), with maze sizes 10 to 30, against the exact solution of the same fixed-path problem computed
with Clarabel. Every test output stays inside the corridor with the endpoints pinned (Figure 5).
The control points are within a few percent of the fixed-path optimum, and the curves are slightly
longer than optimal. On new mazes the network is about as accurate as on the training maze, at
nearly the same per-query cost of tens of milliseconds, so one network amortizes the fixed-path
problem across mazes.
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Figure 5: Maze. Same maze, start (green dot) and goal (red star): GCS (Marcucci et al., 2023)
(left, Drake (Tedrake and the Drake Development Team, 2019) with convex relaxation and rounding;
it also chooses the cell path, so its route differs) and ASPL (right) on the breadth-first-search cell
path, inside whose corridor (gray) it stays.

4.5 Constrained flow matching

ManiFlow (Yan et al., 2025) is a flow-matching policy that maps a point cloud to a chunk of joint
commands for the twin-arm Aloha-Agilex robot. Nothing in its training enforces the joint limits or
a smooth hand-over between consecutive chunks. We keep the trained policy and apply the ASPL
layer at inference to every chunk, so this test uses the forward pass only. It projects the chunk onto
joint-position, velocity, and acceleration bounds, an equality with the current joint state or, under
real-time chunking, the prefix equality of Black et al. (2025), so every executed chunk is feasible up
to the solver tolerance. We evaluate on four RoboTwin 2.0 bimanual tasks (Chen et al., 2026), on
the same 100 fixed episodes with and without the layer. The projection lowers success on no task
(Figure 6). It adds four successes each on pick_dual_bottles and put_object_cabinet, within
episode-level variability for one training and one evaluation seed.
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Figure 6: Flow matching on RoboTwin 2.0. Left: the four tasks (put_object_cabinet,
open_laptop; lift_pot, pick_dual_bottles). Right: success over 100 episodes per task with-
out (gray) and with (red) the ASPL projection. It never lowers success.

5 Conclusion

ASPL differentiates the projection map through its active manifold: one reduced solve per back-
ward pass, for any forward solver, with finite-time identification and an O(1/T') training rate. Its
backward is cheaper than ambient implicit differentiation of equal accuracy. The savings shrink as
the active set approaches the full dimension or more directions are curved, and in motion planning
its accuracy lead over IInet narrows as more constraints bind. Its guarantees are local and assume
strict complementarity. Degenerate solutions are future work.

AT use statement

We used large language models (LLMs) for three purposes. (i) Writing: to edit and polish author-
written text for grammar, clarity, and concision, and to format the manuscript and references.
(ii) Retrieval and discovery: to search for related literature; every suggested reference was checked
against the original source before it was cited. (iii) Synthetic datasets: LLM coding assistants
helped write the scripts that generate the synthetic benchmark instances (e.g., the parametric
quadratic programs of Section 4, whose optima are constructed from the KKT conditions); the
authors specified the problem families and generation procedure and inspected, tested, and validated
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or to draft sections of the paper. The authors take full responsibility for all content, including any
text, references, or data produced with LLM assistance.

Reproducibility statement
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Al Addendum to Section 1: notation and related work

A1l.1 Notation and variational-analysis preliminaries

Bold lower-case letters (u,y) are vectors, bold upper-case letters (A, P) are matrices, and calli-
graphic letters (C,.A) are sets. || - || is the Euclidean norm, 17 the indicator vector of an index set
Z, and ker A the kernel of A. For closed C C R?, Il¢(u) £ argmin, . 3z — ul|? is the Euclidean
projection, a singleton for convex C and for u closer to a point y € C than the reach of C at y
(Appendix A2.4), and dist(u,C) £ mingec ||u — z||. For a set S, aff S is its affine hull, relint S (also
ri §) its interior relative to aff S, and rbd S £ S \ relint S its relative boundary.

Definition 2 (Tangent and normal cones). For closed convex C andy € C, Te(y) is the closure of
{y(z—y):v>0, z€C} and Ne(y) & {n: (n,z—y) <0 Vz € C} is its polar. For C prox-regular
aty, v € N¥(y) (a prozimal normal) if (v,z —y) < o|z —y||> for some 0 > 0 and all z € C
near'y. The prozimal, limiting, and Clarke normal cones then coincide near'y, and N¢ denotes this
common closed convex cone.

If C is a smooth manifold near y, T¢(y) and N¢(y) are its tangent and normal spaces. We write

Te, and N¢, for them at y.

A
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Lewis (2002) calls a closed set C partly smooth at'y relative to a C? manifold M >y, M C C,
if C is Clarke regular at the points of M near y and the normal-space and continuity conditions of
Definition 1 hold. Clarke regularity is automatic for a set prox-regular at y (Poliquin et al., 2000),
so Definition 1 is this notion, and for prox-regular sets the manifold is locally unique (Hare and
Lewis, 2004).

Definition 3 (Friedrichs angle). For subspaces V,2WW C R% cosfOr(V,W) £ sup{(u,w) : u €
Vaowynwt, wewnVnw)t, |u| = ||w| =1}

In the proofs, for polyhedral C; = {1<z <u} aty, J = {j : y; € {lj,u;}} is the bound-active
set and J€ its complement, the free set. Their diagonal coordinate projectors are N = diag(17)
and F =T =1-N, so dy = |J|, and Xyv 2 UXV. For a boundary-active cone in R"+!
N = I — F has rank n: the normal direction and the n — 1 curved tangent directions. Mixed
instances decompose block by block (Lewis, 2002, Prop. 4.5).

Al.2 Extended related work
A1.2.1 Differentiable projection layers

OptNet (Amos and Kolter, 2017) introduces argmin-differentiation through quadratic-program (QP)
layers via KKT linearization at O(d?) per forward-backward pass (the backward reuses the forward
factorization). cvxpylayers (Agrawal et al., 2019) generalizes this to arbitrary convex cone programs
through the homogeneous self-dual embedding, sharing the dense-factor backward cost. Both meth-
ods solve the constraint exactly but pay O(d®) per gradient step regardless of how few constraints
are active, since the active-manifold structure is invisible to them. DC3 (Donti et al., 2021) intro-
duces a correction-completion approach: predict a partial output, complete the remaining variables
so that the equalities hold exactly, and reduce inequality violations with a fixed number of unrolled
gradient steps. The cost is lower than full implicit differentiation but inequality feasibility is approx-
imate. RAYEN (Tordesillas et al., 2023) maps outputs into a fixed, input-independent convex set
(linear, convex-quadratic, second-order-cone or LMI constraints) through a closed-form ray-based
map, and HardNet (Min and Azizan, 2024) enforces input-dependent affine constraints through a
closed-form correction. Both are exact and fast but are restricted to these constraint classes and do
not cover a general C(x).

IInet (Grontas et al., 2026) is the closest precedent and the primary baseline in our experiments.
It solves the projection subproblem by Douglas-Rachford and computes implicit-differentiation
gradients through a BICGSTAB inner backward at cost O(k log(1/¢) d?). ASPL identifies the active
manifold (Theorem 2) and replaces this ambient backward with the reduced operator of Theorem 1,
which is block lower-triangular on every active manifold and carries the curvature of SOC boundaries
in its normal block. ProjNet (Rashwan et al., 2025) enforces input-dependent convex constraints in
graph neural networks by Component-Averaged Dykstra projection with sparse vector clipping, and
backpropagates a surrogate gradient of the iterative projection instead of the exact implicit gradient.
This trades gradient correctness for GPU efficiency on the sparse outputs of GNNs. ASPL targets
dense outputs whose feasible set has a low-codimension active manifold at the projected point,
where the exact reduced gradient of Theorem 1 replaces both the ambient d-dimensional solve of
IInet and OptNet and the surrogate gradient of ProjNet.

A1.2.2 Partial smoothness and active-set identification

The idea of identifying the active constraints and reducing the problem to its low-dimensional
active block is one of the oldest tools in constrained optimization. Bertsekas’s projected-Newton
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method (Bertsekas, 1982) is the prototype: at each step it freezes the bound-active coordinates
and runs Newton on the free block, an approach later refined by Burke and Moré (1988), who gave
the first general identification result for active inequality constraints, and by Wright (1993), who
isolated identifiable surfaces as the right geometric object. The textbook treatment by Nocedal
and Wright (2006, Ch. 16 and 19) consolidates the active-set / interior-point dichotomy. Hager
and Zhang’s series of bound-constrained algorithms develops this line with a focus on practical
performance: the active-set algorithm for box-constrained optimization of Hager and Zhang (2006),
which uses their conjugate-gradient method with guaranteed descent (Hager and Zhang, 2005) on
the free block, and their later limited-memory conjugate-gradient and sparse polyhedral-projection
algorithms (Hager and Zhang, 2013, 2016). More recently, Nutini et al. (2019) quantified the
active-set complexity of proximal-gradient methods on partly-smooth objectives, and Diaz et al.
(2026) gave nonasymptotic guarantees that primal-dual methods (proximal point, PDHG, ADMM,
extragradient) identify the active constraints of convex problems and then converge linearly, without
assuming strict complementarity.

The variational-analysis tradition that underpins our identification result begins with Lewis
(2002), who introduced partial smoothness as a unifying lens for active-set behavior in nonsmooth
optimization. Hare and Lewis (2004) established finite-time identification of the active manifold
under partial smoothness, prox-regularity, and strict complementarity, the result we apply (their
Theorem 4.1) in the proof of Theorem 2. Daniilidis et al. (2014) and Drusvyatskiy and Lewis
(2014) broadened the framework to spectral and orthogonally invariant functions and connected it
to second-order optimality. Liang et al. (2017) specialized the identification analysis to forward—
backward-type methods. Parallel work by Lee and Wright (2012) on dual averaging, by Poon
et al. (2018) on local linear convergence of SAGA and Prox-SVRG, by lutzeler and Malick (2020)
on exploiting proximal identification in machine learning (compression, acceleration, dimension
reduction), and by Bareilles et al. (2023) on Newton-type acceleration after identification extends
this analysis to other proximal-splitting settings.

The classical active-set and partial-smoothness literature solves one optimization problem, iden-
tifies its active manifold once, and then runs a faster local method on it. ASPL uses the same
geometry inside a differentiable layer, in three ways.

First, the general-purpose differentiable projection layers (OptNet (Amos and Kolter, 2017),
cvxpylayers (Agrawal et al., 2019), IInet (Grontas et al., 2026)) solve a d-dimensional system on
every backward pass and never identify which constraints are tight. Support-restricted Jacobians are
known for sparse projections (Niculae et al., 2018) and for Lasso-type problems whose inner solver
identifies the support (Bertrand et al., 2022), both polyhedral. ASPL reads the active manifold
off the forward solver (Theorem 2) and differentiates only along its flat and normal blocks, so dn
replaces d as the parameter that controls the backward cost (Appendix A2.3).

Second, the identification literature asks which constraints are active; Theorem 1 concerns the
algebra of differentiating the projection once they are known. Kj; is block lower-triangular on every
active manifold. On flat polyhedral ones its normal block is Pnn = 0 and the backward reduces to
one dn x dn Cholesky factorization (Corollary 3). On curved active manifolds (SOC boundaries),
the curved tangent directions join the dense block, the curvature enters only through Qnn, and the
leading block stays scalar (Corollary 2).

Third, classical identification concerns one problem. During training it must hold across the data
distribution while parameter updates move the active set. The pooled exponential-moving-average
warm start needs ©(d) memory instead of the ©(Nd) of per-sample warm starts, and the switching
rule (14) returns the forward to the full solver when the primal or the dual test fails, while the
backward stays reduced. Theorem 3 gives the O(1/T") rate of full-gradient descent, and Theorem 4
shows that, for SGD with exact backward solves, K = O(6~!log T') forward steps from the pooled
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warm start keep the O(T -1/ 2) stationarity rate and, under a uniform identification radius, place
every forward output on the correct active manifolds once T is large enough.

A1.2.3 Soft-constrained alternatives

A large body of work (Raissi et al., 2019; Fioretto et al., 2021; Park and Van Hentenryck, 2023;
Achiam et al., 2017; Chow et al., 2019; Stooke et al., 2020) replaces hard constraints with soft
penalties. The methods are general and easy to implement but introduce a non-vanishing bias
unless the penalty weight is tuned per instance, and they offer no feasibility guarantee at deployment.
Lagrangian-dual methods (Fioretto et al., 2021; Park and Van Hentenryck, 2023) adapt the penalty
during training. CPO (Achiam et al., 2017) adapts within a trust-region framework, Lyapunov-
constrained policies (Chow et al., 2019) project policy updates or actions onto linearized Lyapunov
constraints, and Stooke et al. (2020) update the multiplier with a PID controller. None of these
methods can guarantee zero violation at any single deployment query. Conversely, Marquez-Neila
et al. (2017) found that imposing hard constraints through a generic Lagrangian solver brings little
benefit over such penalties, which motivates making the hard-constraint path both exact and cheap.

ASPL is hard-constrained by design: every output, including those produced at intermediate
training epochs, satisfies C(x) up to the forward solver’s tolerance. The price is the K-step forward
solve and a reduced active-manifold backward, which on flat polyhedral faces is the O(d3;) normal-
block solve.

A1.2.4 Inference-time projection and constrained generative modeling

Building on flow matching (Lipman et al., 2023), a recent line of work (Utkarsh et al., 2025; Dai
et al., 2025; Ben-Hamu et al., 2024) enforces constraints on generated outputs at inference time.
PCFM (Utkarsh et al., 2025) introduces physics-constrained flow matching by adding a projection
step at sampling time, but the velocity field is trained agnostic to feasibility, which can produce
out-of-distribution terminal states that inflate inference-time projection cost. D-Flow (Ben-Hamu
et al., 2024) uses optimization through the flow-matching ODE for constrained sampling, and Man-
iFlow (Yan et al., 2025) adapts flow matching to robotic manipulation without enforcing hard
constraints on the generated actions. ASPL-FM (Appendix A4.6) applies the projection layer to
the terminal ODE state of a pretrained ManiFlow policy, so every executed chunk is feasible up to
the solver tolerance.

A2 Addendum to Section 2: constraint sets, forward solvers, and
training

A2.1 Constraint sets and their projections

This appendix lists the constraint families covered by ASPL, their two-set decomposition C(x) =
Ci(x) N Ca(x) and per-set projections. The reduced backward depends only on the projection map
and its active face, not on how the forward computes them (Proposition 1), so the forward solver is
a free choice. Appendix A2.2 lists the solvers we use.

Example 1 (Box constraint). Take the instance-dependent box C(x) = {z € R? : 1(x) < z < u(x)},
and let y = He(x)(Yraw). Split the coordinates by whether they hit a bound:

e Normal (blocked): i with y; = ui(x) or y; = l;(x). The active manifold pins z; = y;; the
projector N extracts these coordinates.
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e Tangent (free): j with l;(x) < y; < u;(x). The active manifold leaves z; free; the projector T
extracts these coordinates and Ilc, is the identity along them.

Then, neary, Ca(x) ={z: z; = y; Vi blocked}, and dn is the number of blocked coordinates, small

when few constraints bind.

Polyhedra in the box-bounded affine form C = {z: Az = b, 1 < z < u} cover linear MPC for
legged locomotion and manipulation, DC optimal power flow, and resource allocation. After lifting
general linear inequalities to slack form, every linear-inequality system fits this template. Split:
C1 = {Az = b} (affine subspace), Cy = [, u] (box). Projections: Il¢,(z) = z— A*(Az —b) (cached
pseudoinverse, two matvecs per call); Il¢,(z) = clip(z;1,u) (element-wise). Second-order cones
model friction cones and torque-magnitude constraints in manipulation, beam-pattern constraints
in beamforming, robust counterparts of LPs under ellipsoidal uncertainty, and norm budgets in
regularized supervised learning. The Lorentz cone Kgoo = {(w,t) : ||wl|l2 < t} is the prototype.
Split: Cy collects the affine equalities, Co = Kgoe (or its Cartesian product over multiple cones).

Projection onto Ksoc: the closed-form rule of Bauschke and Combettes (2017): if ||w|l2 < ¢ return
tlwll2
2[lwl2

(w,t); if ||wl|j2 < —t return (0,0); else return (w, ||w]|2), at one norm and one rescale per
cone.

Norm balls {z : ||z — c||, < r} appear as control-input limits (p = oo box, p = 2 Euclidean),
trust regions in adaptive control, and certified-robust output regions. Split: C; is the (optional)
ambient affine constraint, Cy the ball. Projection: closed form for p € {1,2,00}: coordinate clip
(p = 00), radial rescale (p = 2), and the O(dlogd) soft-threshold rule of Duchi et al. (2008) (p = 1).
Simplices and their products (the canonical multi-class output constraint) appear in policy networks,
assignment problems, and categorical generative priors. Split: C; = {17z = 1}, C = {z > 0} (or
directly the simplex via the O(dlogd) sort-then-clip projector of Duchi et al. (2008)). Physical-Al
deployments are typically intersections, e.g., joint-limit (box) N friction cone (SOC) N workspace
half-spaces. Stacking the affine parts in C;, with half-spaces lifted to equalities whose slacks join
Co, keeps its projection closed-form. The structured parts form a Cartesian product Co when they
act on disjoint coordinates, and otherwise the product-space construction of Pierra (1984) reduces
them to two sets, and Theorem 1 extends block-by-block via Corollaries 2 and 3 on the direct-sum
structure of partly smooth set products (Lewis, 2002, Prop. 4.5).

A2.2 Forward solvers

The reduced backward of Theorem 1 needs only the projection ¢ (x)(yraw) and its active face, not
the procedure that computes them (Proposition 1). Any exact projection method can therefore
serve as the forward: an operator-splitting or dual method, an active-set method, or an interior-
point method. Our code provides the following solvers, and each experiment uses the one that fits
its constraint set.

(i) Dual identification and a face solve for polytopes {z : Az = b, Gz < h}. Phase 1 runs
projected gradient ascent on the dual maxy ,, —|ATA+G T 1|+ (A, 1) T (Ayraw—b, Gyraw—h)
with Barzilai-Borwein or FISTA steps, and the rows Z with j; > 0 give the active face. Phase 2
projects exactly onto that face: with Az = [A;Gz], it solves AIA} v = Azyraw — (b;hz) and
returns y = yraw — A—Ir v, adding violated rows and dropping rows with negative multipliers until
the KKT conditions hold. It is skipped when Phase 1 already meets the feasibility tolerance. The
backward is the orthogonal projector onto ker Az (Corollary 3). We use this solver on the maze
benchmark. Training runs Phase 1 only and reads the face off its final multipliers. Phase 2 runs at
evaluation.

(ii) Ezxact and inexact face solves. The Phase-2 system is solved either exactly, by a Cholesky
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factor of AAT cached once plus a Cholesky of the |Z| x |Z| Schur complement, or inexactly, by
Jacobi-preconditioned CG warm-started from the Phase-1 multipliers. The reduced backward offers
the same two options, reported as ASPL (Chol) and ASPL (CG).

(i1i) Conic dual ascent for {y : b — Ay € K} with £ a product of Lorentz cones. It runs
projected ascent on the self-dual multiplier, s < IIx (s + a(Ay — b)) with ¥ = yraw — ATs (the
dual gradient). Since s; = 0 on every cone inactive at the solution, the support of s identifies the
active cones. The step uses FISTA or Barzilai-Borwein step sizes and the closed-form projection
onto each Lorentz cone given above. The backward classifies each cone of K as interior (Jacobian
I), apex (Jacobian 0), or boundary. At a point (w,t) with |[t| < r = ||w]|, which projects to the

Hry _toww! W
. . 2 3 2 . .
cone boundary, the Jacobian of Il is [ - N ]; its ww ' term carries the curvature of

the cone (Corollary 2). The reduced backwardQLeeps o;ly the cones active at the solution, £ — 1
directions for each boundary cone of dimension k and k for each cone whose slack is at the apex,
so its size is set by the active cones, not by d. The SOCP benchmark (Appendix A4.2) uses this
forward with the dense m x m adjoint built from the same per-cone Jacobians.

(iv) Douglas—Rachford, for any two sets with computable projections. With state s and relax-
ation w € (0,2), one step alternates the two block projections,

Z(k+1) _ H@(%(s(k) + Yeaw)) £+ — 11, (Qz(k-H) — S(k))7
sk+1) — g(k) 4 w(t(kﬂ) _ z(k+1)). (8)
At a fixed point s*, z* = t* = I¢(yraw), and for convex blocks the iteration converges from any
start (Bauschke and Combettes, 2017, Prop. 28.13, Cor. 28.10). The proof of Proposition 1 verifies
its invertibility hypothesis for this solver. We run Ky, = 200 steps, with w = 1 for training on
the QP benchmark and w = 1.7 in its backward-accuracy study (Appendix A4.1.1) and elsewhere
(Appendix A4). The active face is read off the bounds that the last Il¢, call clips. The cached
affine projector Il¢, is shared across iterations and the minibatch (data dependence enters only
through bey(x)), and Il¢, is element-wise or per-cone. We use DR on the QP, motion-planning, and
flow-matching experiments (the ASPL-FM instance is in Appendix A4.6.3).

(v) Splitting with an active-set polish for inverse kinematics: 27" splitting steps are followed
by an active-set polish, and a chunk not certified feasible is re-identified by an interior-point pass
(Appendix A4.4).

A2.3 Backward-pass cost of differentiable projection layers

Table 2 compares the per-sample backward cost of ASPL with existing differentiable projection
layers.

A2.4 Formal assumptions and the block-triangular form

The split (3) is the normal-cone sum rule Ne(¥) = Ne, (¥) + Ne, (¥) (Bauschke and Combettes,
2017, Cor. 16.50), with each n; a proximal normal realized by its own block projection (Poliquin
et al., 2000). For convex Cy one may take ¢t = 1; for prox-regular Co with reach ro at ¥ (in the
sense of (10)) any ¢ € (0, min{1,72/||n2||}) works (cardinality sets, obstacle complements). The
transversality condition N, (¥) N (—N¢,(¥)) = {0} guarantees the sum rule, and the pair (n;,ns)
is unique under the stronger condition span Ng, (¥) N span N, (¥) = {0} of Assumption C. For
nonconvex Cj(x), the bound on ||n;| in Assumption B keeps ¥ + n; inside the region where Il¢, is
single-valued and differentiable. Assumption D is simple on flat manifolds: when C; is affine and C 42
is locally affine, Knn = P, which is nonsingular iff the two active manifolds are transversal and
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Table 2: ASPL’s backward operates on the dn-dimensional active manifold rather than the ambient
RY. Rate: the stationarity rate of Theorem 4 (SGD with 7 o T-1/2 exact backward solve, locally
contracting forward; with full gradients and 7 = 1/Lg it is O(1/T), Theorem 3); Tfor CG, when the
backward is solved to exactness. *Reusing the O(d®) KKT factorization of the forward. cp: one
application of P and forming Pnn, O(mid + mldQN) with a cached AT for C; = {Az = b} with
my rows. Chol: Cholesky; CG: conjugate gradient. dn <d: size of the normal block F'; kn < k:
block vs. ambient IFT condition numbers.

Method Backward cost Rate
OptNet (Amos and Kolter, 2017) O(d?)* —
cvxpyL. (Agrawal et al., 2019) solver-dep. —
IInet (BiCG) (Grontas et al., 2026) O(klog L d*) —
ASPL (Chol) O(d3y + ddn) + cp O(T~Y?)
ASPL (CG) O(y/knlog L} +ddn) +cp O(T™/?)1

satisfies Apin(PNN) = sin? @ for the Friedrichs angle 6 between them, so a uniform lower bound
on A\min(PNN) is @ uniform lower bound on 6p. The condition-number bound of Assumption D(ii)
implies it when Apax(PNN) = 1, but not in general: for d = 2, a line at angle ¢ to the active face,
and one blocked coordinate, PN is a scalar with condition number 1 while 0 = ¢ — 0.

Theorem 1 collapses to a projector when both active manifolds are flat.

Corollary 1 (Flat active manifolds). If Ci(x) is affine with tangent projector P and C 42 is locally
affine at'y, then (taking t = 1; the Jacobian (5) does not depend on the admissible t) Q = F =T,
KnN = Pnn, and (6) becomes

o

PNN VN = (PC)N, = (PC)T - PTN VN = HTC 52 C. (9)
ay A( )
raw

That is, the Jacobian of lUe¢(x) at yraw ts the orthogonal projector onto the tangent space of the active
manifold Cx = C1 NCaz2.

In cost, the normal stage is a dn X dn system, solvable in O(dgN) by LU or, in the flat case
(Knn = Pnn = 0), in O(y/kEnlog(1/e) d) by CG, with kn = cond Knn; when Cp = {Az = b}
with m; < dn rows, the Woodbury identity moves the solve to m; x mp, so the cost is O(mi)’ +dmi+
m? min(dn, d — dn)), the last term for forming the m; x mj matrix. Appendix A3.2 specializes the
theorem to polyhedra and second-order cones.

Assumption A allows a nonconvex set as long as it has no inward corners near y: its reach at y

in the sense of Federer (1959) is at least R(x),
Iex) (y) is a singleton for all y with ||y —¥| < R(x), (10)

and on this ball the projection is continuous (Federer, 1959, Thm. 4.8), so C(x) is prox-regular at
¥ (Poliquin et al., 2000). Since ||yraw — ¥|| = dist(yraw,C(x)) < R(x), the projection is single-
valued and continuous near y,y. Closed convex sets are the case R(x) = 0o; obstacle complements
{z : ||z — c| > r} (reach r), spheres and rotation groups have positive reach, and cardinality
sets {||z|lo < s} have reach m/v/2 at points with exactly s nonzeros, m the smallest nonzero
magnitude (their global reach is 0). For such nonconvex sets Theorems 1-2 are local statements at
a given projection. Global convergence of the forward solver is guaranteed only for convex blocks
or warm starts inside the local basin, and Theorem 4 additionally assumes the one-step contraction
of Assumption G in either case.
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Assumption B asks that each constraint set look locally like a smooth low-dimensional surface,
the active manifold, around y, with the projection varying smoothly along it. Assumption C asks
that the displacement from the projection to the raw output lie firmly inside the normal cone,
not toward an adjacent active manifold, so the active manifold is stable under perturbations of
the input. It also asks that the two blocks have linearly independent normals, so the split (3) is
unique with n; € relint N, (¥) (Appendix A3.2). The linear independence of the block normals is a
LICQ-type condition. Under Assumption B it is transversality of the active manifolds, T¢, , (¥) +
Te,.(¥) =R? and it implies Ne, (¥) N (—=Ne,(¥)) = {0}. Under Assumptions B and D, with P, Q
evaluated at a split (3) with n; € relint N¢,(¥) (one exists whenever the sum rule holds, e.g., for
polyhedral blocks), it holds automatically (as shown next), so it is an additional hypothesis only
for Theorem 2. Assumption D asks that the single dense block of the backward system be well
conditioned: the two constraint sets meet at a non-degenerate angle, not nearly tangent. This is
the implicit-function-theorem regularity for (3). Under Assumption B it implies the transversality
condition of Assumption C (a vector in span Ng, (¥) N span Ne, (¥) lies in rangeN Nker K| ). In
the flat case the two are equivalent, and the content of the assumption is the uniform bound on the
condition number.

Near y-+tns the projection Il¢, is the gradient of the C1'! function 1||-||>— 3 dist?(-, C2) (Poliquin
et al., 2000; Federer, 1959), so Q is symmetric and the flat subspace F of Section 2.1 is the kernel
of the second fundamental form of C42 along nz. On a polyhedral face 7 = T¢, ,(¥); on a curved
manifold 7 C T¢,,(¥) (one flat ruling direction on a Lorentz cone, none on a ball). In any
orthonormal basis aligned with R = F @ F*, the matrix K; is block lower-triangular with a scalar
leading block,

K, — i 0 . (11)
(I-QnN)PNr QNN + (I - QnN)PrNN

A2.5 Training procedure and the stochastic variant

This appendix gives the minibatch variant (Algorithm 2), which replaces the full-batch gradient by a
minibatch average and the warm start by a pooled exponential moving average of ©(d) memory. Its
convergence is Theorem 4. Algorithm 1 accepts a face projection when it is feasible, its multipliers
have the right sign, and the displacement is below the reach. The minibatch variant keeps the face
under inexact solves, so it replaces this check by a primal and a dual test with thresholds, described
below. In the ambient regime (Phase one) the forward runs on R? without using the active manifold,
as in IInet (Grontas et al., 2026). In both regimes the backward is the reduced solve, with P and
Q taken at the current solver state. It is exact at the fixed point, and the polyhedral layers never
need the dense Krylov solve of IInet (the SOCP runs use a dense adjoint, as described below).

s* = T(s", yraw; X), (S1')
Ambient Kl—\rINVN = (PC)N, VF = %[(PC)F — K;FVN], (82/)
60—Vl (S3')

The manifold regime (Phase two, on the slice Sp defined below) replaces the forward by its face-
restricted analogue and keeps the same backward:

s* = TF(S*a Yraw; X) on 8B7 (Sl)

Manifold { KNnvN = (Po)n, vr = 1[(Pc)r — KNpvn], (S2)
of

Hn—>0—77(tQ(vF+vN))T6—g, (S3)
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with the flat-manifold specialization (9), and the face-restricted step of the solver’s fixed-point map
T (for a solver whose state lies in the primal space R?, such as the splitting iteration (8); for other
states, N and T act on the primal component)

TF(s,yraW;x) 2 TT(Ts+ NzZ2, yiaw; x) + Nz5, (12)

where T 21— N = F and z” £ Ns* pins the normal coordinates of the solver state at their fixed-
point values (for (8), Ns* = N(y—n; ), which differs from the bound values unless Nn; = 0); pinning
the state at the bound values instead changes the fixed point and can return an infeasible output.
The iteration (S1) runs on the slice Sp £ {s : Ns = Nz?}, which contains s* (Proposition 2).
Subproblem (S2) is the two-stage solve of Theorem 1; for polyhedral faces it reduces to a dn X dn
Cholesky of Py (or warm-started Jacobi-CG) plus one (d — dn) X dn product (Corollary 3). The

switch between regimes uses two residuals,

BOL R~y BY £ INOGR, -y D)l < B, (13)

raw

the total projection displacement and its component on the blocked and curved directions range N®),
The KKT condition yraw —y € Ne(x)(y) forces the displacement to be purely normal at a true fixed

point, so a small Ej(\t/) / E® is used as a heuristic sign of a wrong candidate face (for C; affine, the
component of the displacement in range AT is also normal, so the ratio is a heuristic threshold
rather than exactly 1 at the fixed point). With threshold ¢ € (0,1):

manifold if E/(\t/) > 9 E® and U® = 0,

ambient otherwise.

REGIME; = { (14)

Here U® is the undecided set defined next, with 4® £ @ when Cy has no tractable dual. When
Co admits a tractable dual (boxes, SOCs, simplices), the block normal AD £ ng) of the split (3)
serves as a Lagrange multiplier on Co; the undecided set

Ut 2 {j c AW . ”A;'t)H <v or A;-t) ¢ Né?(y(t))} (15)

collects the components j € A® of Cy active at y® (blocked coordinates or active cones) with weak
or misaligned dual evidence, and we lower the threshold, ¥ < u (€ (0,1)), whenever U*) = () in
the ambient regime: clean dual evidence relaxes the primal test, and since ¥ only decreases, a later
return to the ambient regime requires a larger drop of E/(\t/)/ E®_ The test is a heuristic. When n;

cancels ny on the blocked directions, Ej(\tf) is small even on the correct face: for C; = {z : z1 = 22},

Co = {2z : 2 <0}, and yraw = (0, 1), the exact projection 0 gives E/(\t/) = 0. The rule can therefore
stay ambient, and we do not prove that it settles in the manifold regime. Conversely, the ratio
does not detect a stale face: for C; = R? the displacement of any face projection lies in range N®,
so the ratio is 1 whenever the displacement is nonzero. A stale face with a weak or wrong-sign
multiplier is detected by the dual test, ) % (), which returns the algorithm to the ambient regime.
Both residuals reuse forward-pass quantities, so the test in (14) adds one matvec, one norm, and
one comparison per outer step. The pooled EMA states 8, ¥(t) warm-start the forward solver and,
with CG, the reduced backward at ©(d) memory across the dataset.

The released code uses the simplest instance of this rule: it never restricts the forward to the
face. At every step it runs the full forward solver, reads the active structure off its output, and
differentiates on it. The polyhedral layers (QP, motion planning, maze) solve on the bound-active
coordinates or the identified rows, and the conic layer (Appendix A4.2) rebuilds the cone Jacobians
from the current dual iterate and, in our SOCP runs, solves the dense m x m adjoint system with
them rather than the reduced one. The primal and dual tests above matter only for the optional
face-restricted forward.
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Algorithm 2 ASPL, stochastic variant (minibatch, pooled warm start)

Parameters: 9 € (0,1), p € (0,1); pool rate a € (0, 1]; margin v; forward steps K; step size n;
batch size B; total steps T. Init: 6, (59,50, t=0.
Phase one (ambient). While t < T, execute (S1')~(S3') on R¢ (K forward steps from s*)) for
batch B, producing {sl(-t), z(t)}zeB@)'

If U= and E( ) < 9E ), then ¥ « . If UD=() and E ( ) > 9EW® | switch to phase two after
the pool step.

Pool: s+ =(1—a)s® + 23, 4 sz(t), Vi =(1-a)v) + &3~ ) vgt); t <+ t+1.
Phase two (manifold). While ¢ < T, execute (S1)-(S3) on Sp (K forward steps from s*)) for
batch B(®) producing {S,gt), Vz(t)}ieB(t):

If UD £ or E < 9EW  switch to phase one after the pool step.

Pool: st =(1— a)s(t + &3 icn® s( ) vt =(1—a)v® + &> ieB® Vgt); t+ t+1.
Return 7.

A3 Addendum to Section 3: stochastic variant and proofs

A3.1 End-to-end convergence

The notation and Assumptions E-G below serve both Theorem 3 (deterministic, Section 3; Assump-
tion F is not needed there) and its stochastic counterpart, Theorem 4. For the stochastic counterpart,
contexts are drawn from a distribution D, the objective of (PCO) is replaced by its expectation
over x ~ D, and Assumptions A-D are required for D-almost every x. Let 0" denote the backbone
parameters at outer step ¢ (superscripts (¢) index outer steps; the split scalar t of (3) appears only
inside the read-out gy and V®), and (8(),%(") the pooled primal and adjoint EMA states. The
analysis applies to any forward solver expressible as a fixed-point map 7 that contracts locally (As-
sumption GG) and whose state can be pooled across the dataset (Appendix A2.2). For each context
X, $*(0;x) is the per-sample fixed point of 7 and v*(0;x) the per-sample adjoint of (6) at that fixed
point, for the cotangent ¢ = 9¢/dy. The population objective is ®(8) £ Exp (I x) (fg(x)),x)
as in (PCO), with per-sample loss ¢ £ ¢(-,x), and ®* £ infg ®(0) > —oco. For a forward state s we
write gx(s) = (9fg(x)/00) T tQ(s)v(s) for the per-sample gradient read-out (S3) computed from s
(with Q(s), v(s) the curvature operator and adjoint obtained from the split read off s). At s = s*
it is the exact per-sample gradient (Theorem 1), so that g (s*(8;x)) = (8fg(x)/00)TtQ v*(8;x).

The stochastic gradient at step ¢ is g(t) £ 5 D icB® 8Bx (sz(-t))

, Where sgt) is the per-sample forward
output after K steps from the warm start ). We write B for the batch size, T for total outer
steps, and N, for the bounded open parameter set of Assumption C(ii); Theorem 4 assumes that

the iterates 8) and the segments between consecutive iterates stay in Ns.

Assumption E (Smoothness). The maps fg and { are Cl, and the forward map T(-,-;x) is C*
near its fixed points. Moreover, we assume that ® is differentiable with Lg-Lipschitz gradient on
N (this does not follow from the other conditions: He(x) s only piecewise smooth, and smoothness
of ® relies on averaging over x ~ D), and that V®(0) = Ex[(0fg(x)/00) tQv*(0;x)] on N
(differentiation under the expectation,).

Assumption F (Stochastic gradients). Each iteration draws an i.i.d. batch BY) = {x;}2 | ~ DF,
independent of the history F; £ 0(0(0),5(0),7(0),3(0), ey B(tfl)), which determines G(t), the pooled
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states, the regime and 9. There exists 0? < oo such that, whenever oY ¢ No,
Ellg® - E[g® | R | ] < 0%/B,

which holds whenever the per-sample read-out gx(sgf)) has conditional variance at most .

Assumption G (Forward contraction). Let Ry £ sup||s*(8;x)|| < oo over 8 € N, and D-a.e. X,
and D £ max{||s©||,3Rs} + R,. There is § € (0,1) such that the forward map (T, and T* of (12)
with NzB = Ns* in the manifold regime) satisfies | T (s, fg(x);x) —s*(6;x)|| < (1—6)[s—s*(6;x)|
whenever ||s — s*(0;x)|| < D. This is a condition on the forward solver, not a consequence of
Assumption D.

Theorem 4 (Convergence of stochastic ASPL). Under Assumptions A-G, with parts (ii) of As-
sumptions C and D holding for D-almost every x in place of the training contexts, suppose o)
and the segments [H(t),H(tH)] lie in Ny for all t, the backward solve is exact, and the per-sample
read-out gx satisfies ||gx(s) — 8x(s*(0;x))|| < Ly|ls — s*(0;x)|| whenever ||s —s*(0;x)|| < D. Run
Algorithm 2, with the normal coordinates of the face-restricted step pinned at NzP = Ns*(H(t);x)
(Remark 1), with n = ¢, T2, T > 16L3c2, any a € (0,1], and K > 6" max{In2, §In(1/n)}.
Then
(@(0") — @) | 3ealiD® | 2cyLao”
T VT | BVT

Consequently min, 7 E[|[V®OD) |2 < € for T = O(e72). If, moreover, T satisfies (S) with a
constant L, and the radius o of Theorem 2 is bounded below by omin > 0 uniformly over x and
0 € N,, then for T > (LuD\/Q/((l — 5)Qmin))4 every per-sample forward output of Algorithm 2
lies on the block active manifolds C4,(x) of the current O(t), so the partition read off the forward
pass is the correct one at every step.

1= 4
7 > E[ve@D)|* < (16)
t=0

The rate matches the optimal nonconvex stochastic-gradient rate O(T~'/?) with a T-
independent constant. The only price of the pooled warm start is K = O(6 !logT) forward
steps, which makes the gradient bias O(,/7). The pooled adjoint ¥(® plays no role in the guarantee
and only warm-starts the CG backward. The proof (Appendix A3.7) is a biased-SGD descent
argument. Our QP experiments train with AdamW under a cosine schedule (Appendix A4) rather
than with SGD at n oc T~1/2, so they lie outside the literal scope of Theorem 4.

A3.2 Proof of Theorem 1 and corollaries

The proof never looks inside the forward solver. It writes the three identities (3) as one equation
G(u;y) = 0 in an auxiliary point u, applies the implicit function theorem to this equation, and
reads off the Jacobian of the projection. Step 1 shows that the split (3) is unique. Step 2 builds
G. Step 3 shows that its Jacobian K; is block lower-triangular. Step 4 applies the implicit function
theorem, and Step 5 derives the two-stage solve.

A3.2.1 Proof of Theorem 1

Proof. Step 1: the split is unique and lies in the relative interiors. Assumption C(i) gives

span Ne, (¥) Nspan Ne, (¥) = {0}. (17)
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In particular Ne¢, (¥)N(—Ne,(¥)) = {0}. Under this qualification the normal cone of the intersection
is the sum of the block normal cones,

NC(?) = Ne, (y) + NCQ(?))

by Bauschke and Combettes (2017, Cor. 16.50) for convex blocks and by Rockafellar and Wets
(1998, Thm. 6.42) for prox-regular blocks, which are Clarke regular. The residual y,aw — ¥ € Ne(Y)
therefore splits as n; + ng with n; € Ng,(y). The split is unique: if n; + ny = n} + nj, then
n; —nj = n) — ny lies in both spans and vanishes by (17).

The split also lies in the relative interiors. Assumption C(i) places the residual in relint N¢(y),
and relint(K; + Ky) = relint Ky + relint Ko for convex cones (Rockafellar, 1970, Cor. 6.6.2). So
the residual has a split with n} € relint N¢, (y), and uniqueness of the split (Assumption C) gives
n; = n.

Finally, the block projections realize the split, which is (3). For a set that is prox-regular at y,
a short enough normal v is a proximal normal and II(y +v) =y (Poliquin et al., 2000). For Cy this
holds for tng with ¢ small enough, and for every ¢t € (0, 1] when Cs is convex. For C; the normal n;
is not rescaled. It is short enough by the bound in Assumption B when C; is nonconvex (Federer,
1959, Thm. 4.8(12)), and automatically when C; is convex. Near ¥ + n; the projection Il¢, is the
gradient of the C'! function %H [ %dist2(-,61) (Poliquin et al., 2000; Federer, 1959), so its
differential P is symmetric. The same argument makes Q symmetric.

Step 2: one equation that every exact solver satisfies. Set u; = y-+nj. For (u,y) near (U, yraw)
define

G(wy) £ He,(u) — Iey(Iley () + £ (y — w)).
The first term is the output of the C; projection. The argument of Ilg, adds to it the scaled
remaining residual. At the solution, Il¢, (u;) =y and

Hcl(u1)+t(YraW_ul) :y+t(yraw_y_nl) =Yy + tng,

so G(u1;yraw) = ¥ — e, (¥ +tny) = 0 by (3). Both block projections are C! near the points where
they are evaluated, because each block is partly smooth and each n; lies in the relative interior of
its normal cone (Poliquin et al., 2000; Hare and Lewis, 2004, Thm. 3.3). Their differentials there
are P and Q of (4), and the chain rule gives

DyG(ur;yraw) = P—Q(P —tI) = K, DyG(ui;yraw) = —tQ.

Step 3: Ky is block lower-triangular. Since Q is symmetric, its fixed space F is invariant,
FQ=QF =F, and Q = F + Qnn with Qrn = Qnr = 0. Expanding K; = P + tQ — QP block
by block gives

Krp = Ppp + tI — Ppp = ¢1, Krn = Prn — Prn = 0,
Knr = (I - QnN)Prr, Knn = tQnn + (I — Qnn) PN

which is (11). The diagonal blocks are tI and Knn, and Knn is nonsingular by Assumption D.
Hence K; is nonsingular.

Step 4: the implicit function theorem gives the Jacobian. Since Ky is nonsingular, the implicit
function theorem gives a C! map y + u(y) near yray with u(yraw) = u1, G(u(y);y) = 0, and

Du = -K;'D,G = tK;'Q.
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We show that p(y) £ Il¢, (u(y)) is the projection of y onto C. Put n;(y) = u(y)—p(y) and na(y) £
y —p(y) —ni(y). The first is a proximal normal to C; at p(y), since p(y) is the projection of u(y).
The equation G = 0 says p(y) = e, (p(y) + tna(y)), so na(y) is a proximal normal to Ca at p(y).
A proximal normal to C; D C at a point of C is a proximal normal to C, soy — p(y) = ni(y) + na(y)
is a proximal normal to C at p(y). For y near yraw, |y —Py)| +p(y) —¥|| < R(x) (Assumption A,
with p continuous and p(yraw) = ¥), and the ball around p(y) of radius R(x) — ||p(y) — ¥|| lies
inside the ball of (10), so the reach of C at p(y) exceeds the length of the normal, and a feasible
point with such a normal is the projection (Federer, 1959, Thm. 4.8(12)). Hence p(y) = ¢ (y).
Differentiating Il¢(y) = Il¢, (u(y)) at yraw gives

Dll¢(yraw) = PDu = tPK;'Q,

which is (5).
Step 5: the two-stage solve. Since P and Q are symmetric, the backward pass for a cotangent ¢
is
ot
8Yraw

= (D) ¢ = tQK; "Pc = tQv, K/v=Pc.

In the basis of Step 3, K is block upper-triangular with diagonal blocks ¢I and KLN and off-
diagonal block K;F Back-substitution solves the second block row for vy and then the first for
v, which is (6). The F-stage is a scalar division and one product with KIIIF, at cost O(ddn). The
only factorization is that of KnnN. O

Proof of Corollary 1. Take t = 1. Since C; is affine, P is the orthogonal projector onto its direction
space. Since C4 2 is locally affine, partial smoothness and strict complementarity make Il¢,, near
Y + no, the affine projection onto affC42, so Q = T. Then Qnn = 0, Knn = Py and
Knr = PN, and (6) reads

Pnnvn = (Pe)n,  vr = (Pc)r — PTNvn,
with gradient Qv = vp. To identify this gradient, let
M £ P - PN(Pnn) 'NP.

Then vy = TMec. Since NM = NP — Pyn(Pnn) !NP = 0, we have TM = M, so the gradient
is Mc. The matrix M is symmetric. It fixes every vector of range P N range T and annihilates
(range P)*4-range N, the orthogonal complement of that subspace. So M is the orthogonal projector
onto range P Nrange T = T¢ , (¥). O

A3.2.2 Proof of Proposition 1

Proof of Proposition 1. Let the solver iterate s — 7 (s,y;x) and return y = r(s*,y) through a C*
read-out r. Since I — DT is invertible, the implicit function theorem gives a C' fixed-point map
y — s*(y) near yyaw. The solver returns the projection for every such y, so

I’(S*(y),y) = HC(X)(Y) near yraw-

Differentiating this identity shows that implicit differentiation through 7 returns DIl¢ () (yraw). By
Theorem 1 this is (5). It depends on the forward pass only through (¥,ni,no,t), and (ni,ng) is
unique by Assumption C.
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It remains to discuss the invertibility hypothesis for three common solvers: operator splitting,
Dykstra’s algorithm, and an active-set QP. For the splitting step (8), the chain rule gives I — DsT =
leT/Q, which is nonsingular by Assumption D. Dykstra’s algorithm uses y;aw only through its
initialization, and it keeps the sum of its iterate and its two correction vectors (p, q) equal to yyaw-
Its state is therefore (p,q), with iterate y;aw — P — q, and the hypothesis applies to this reduced
map. On the full state the fixed points form a family indexed by yiaw, and I — DgT is singular.
For an active-set QP, the KKT matrix with the active set frozen takes the place of I — D7 . It is
invertible under LICQ), that is, when the rows of A and the active constraint gradients are linearly
independent, and LICQ implies the linear-independence condition of Assumption C. O

Corollary 2 (Second-order cone). For Cy = {(w,t) : ||wl||2 <t} (in this corollary and its proof, t
and t denote the cone’s scalar coordinate, not the split scalar of (3)), let y = (W, 1) be a boundary
projection with ||W|| =t > 0, and let the input to the cone projector be u = (a,b) with p = ||a|| and
q=a/p=w/t. Then

T

,  k=1/p.

_ [sI—qq") + 3aq
Qsoc = 1T
2

q

[N
o=
o]

This operator has range equal to the tangent space, kills the normal direction, and equals the tangent
projector only in the zero-curvature limit k = 1. Substituting Qgoc into Theorem 1 gives a structured
dn x dn solve; for Cartesian products of cones, Q is block diagonal; a boundary-active cone in R™H!
contributes one normal and n — 1 curved tangent directions, i.e., n dimensions to dx.

Proof of Corollary 2. For an input u = (a, b) in the middle region —||al| < b < ||al|, the Lorentz-cone
projector is

Me,(a,0) = (252a, 25) . p=lal, a=a/p.

Writing ¢t = (p + b)/2 and differentiating p and q gives

dt = 3q"da+ Lab, dq=p YI—qq')da.

Thus
(ﬁV::qdf+qu::[na——qu)+—%qu da+ lqdb,  di =1qda+ Ldb,

with k = t/p, which is exactly the displayed Qsoc.

The boundary manifold is {(w,t) : |w|| = ¢ > 0}. Its outward unit normal is n = (q, —1) " /v/2,
with tangent projector Tgoc = I—nn'. Direct substitution shows Qgocn = 0, while (q, 1) /v/2 is an
eigenvector with eigenvalue 1 and every angular tangent vector (h,0) with q"h = 0 is an eigenvector
with eigenvalue x. Hence Qgoc = TsocRTsoc for a self-adjoint R, and Qgoc 7# Tsoc unless k = 1.
Since —p < b < p, kK = (p+b)/(2p) € (0,1), so the flat subspace F is the ruling span{(q, 1)} and
N =1 - F has rank n: the normal n and the n — 1 angular directions. Partial smoothness of Co at
boundary points relative to this manifold follows from Lewis (2002, Cor. 4.13), since away from the
apex the cone is cut out by one smooth constraint with nonzero gradient. Theorem 1 then applies
with this explicit Q. For products of cones, the projector and its derivative are block diagonal, so
the reduced solve decomposes over active boundary cones. O

Corollary 3 (Polyhedral). For polyhedral C(x) = {Az = b,1 < z < u}, the boz-active split
gives coordinate indicators T = diag(lgze), N = diag(1ly) (J bound-active, J¢ free), and P is
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the linear projector onto ker(A) from the affine constraint. The active-manifold tangent space is
ker(A) Nrange T, with orthogonal projector P — PNP;ﬁ\INP. The closed-form solve (9) becomes

ol ol
PNN VN = (PC)N, (8yraw)F = (PC)F — PFNVN, (6yraw>N = O, (18)
at cost O(| T3+ |T|1T€|) beyond one application of P (P cached): a single | T| x |J| Cholesky on
the normal block and one | T¢| x |J| product on the tangent block.

Proof of Corollary 3. For the box Co = [l,u] at y* with bound-active set J and free set J¢, the
active manifold, near y* equal to {z € R? : z; = y; Vj € J}, has tangent space T¢, , = span{e; :
J ¢ J} and normal space Nc,, = span{e; : j € J}, with diagonal projectors T = diag(1s-)
and N = diag(1y). Since T = F here, PnT and Pnn are the submatrices P 7 7c and P77 of the
projector P onto ker(A). Substituting into (9) gives (18). The cost is a single Cholesky factorization
of Pnn € RIXITI (= 0 by Assumption D) plus the product Ppnv, total O(| 7|2 + | 7] 7¢]). O

A3.2.3 Example: one active bound and one linear equality

We illustrate Theorem 1 on the simplest nontrivial polyhedral instance: the box Co = {z € R? :
—1 < z < 1} intersected with a single linear equality C; = {z : a'z = 0} for a € R?, ||a|| = 1.
Suppose the projected output y* has its j-th coordinate saturated at the upper bound yj* = 1 with
a positive multiplier (strict complementarity) and all other coordinates strictly interior in the box.
Throughout, e; denotes the j-th standard basis vector and a; = aTej.

Near y* the active manifold coincides with
Cax) = {z€R¥:2,=1,a"'z=0},

a (d—2)-dimensional affine slice. Only constraint j of the box is active and the equality is always
active, so the codimension of the active manifold inside the ambient R? is 2, and Cq9 = {z : z; = 1}
has codimension 1, so dn = rank N = 1. The tangent and normal projectors of Co’s active manifold
and the projector onto T¢, | = ker(a') are

T = I—eje;r, N = ejeT P=1I—-aa'.

T “frees” all coordinates except the saturated one j; N pins coordinate j; P projects orthogonally
to the equality direction a.
The named sub-blocks of P in the T'® N basis come out as
T
PNN = e;—Pej =1- a? (0, 1], PNT = e;—PT = —aj (aTT) = —a; (a — ajej)

The scalar Py = 1 — a? is positive precisely when |a;| < 1, i.e., the equality direction a does

not coincide with the active coordinate direction e;; this is the worked-example incarnation of
Assumption D. Here it holds automatically: |a;| = 1 would force a = +e;, hence aly* = +yr =
+1 # 0, contradicting y* € C;.

Decompose the cotangent as ¢ = ct + c;je; with ct = Tc supported off coordinate j, and write

a = Ta =a — aje;. The closed-form backward (9) reduces to
(PC)j Cj — aj aTc
J= 2 2
1 —aj 1 —aj
ol a'er
— (Pc)r — Prnv; = cp — A,
8Yraw ( C)T TN or 1- CL? a
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where the second line uses (Pc)t = ¢t — (a' ¢)a and PpN = —a;a. It is the orthogonal projection
of c onto {z : z; = 0, alz = 0}, as Corollary 1 predicts. The total cost is one length-d dot
product a'cr, one scalar division and one axpy, so O(d) overall. By contrast, ambient implicit
differentiation would factor a dense d x d matrix at O(d®). At d = 103 this is a ~ 10 reduction.
The gap grows with d.

A3.3 Proof of Theorem 2 (Finite-time identification)

Proof of Theorem 2. The proof has four steps. Step 1 shows that each block projection maps a
whole ball around its argument at the solution into the block’s active manifold. Step 2 combines
the two blocks. Step 3 states the condition a solver must meet, and Step 4 bounds its number of
iterations.

Fix a context x and drop it from the notation. By Step 1 of the proof of Theorem 1, the split (3)
is unique and n; € relint N¢, (¥). The arguments of the two block projections at the solution are

L Y

u=y+n,  uiSy+ing.

Step 1: identification is a property of the block projection. Take any sequence ul®) — uj and
let p®) £ TI¢, (u®)). The projection Il¢, is continuous at u because Il¢, (u%) = {¥} is a singleton
by (3) and the choice of ¢, and a projection onto a closed set is continuous wherever it is single-
valued, so p*) — Tl¢, (u3) = ¥. The residual u® — p®) is a proximal normal to Cy at p*), and it
converges to tny € relint Ng, (¥). The set Cy is prox-regular and partly smooth at ¥ relative to C42
(Assumption B). With dj, 2 u®) — p*) € Ng,(p™*)), the finite-identification theorem for sets (Hare
and Lewis, 2004, Thm. 4.1) therefore gives K, with p®) ¢ Cap forall k > K.

This holds for every sequence, so it holds on a ball: there is po > 0 with

Ie,(u) € Cap whenever ||[u —u3|| < go.

Otherwise some sequence u*) — uj would have Il¢, (u®) ¢ c 4,2 for every k, which contradicts the
previous paragraph. The same argument at uj gives p;. Take o = min(p1, 02).

Step 2: the intersection. By Assumption C(i) the block normals are linearly independent, so the
two block active manifolds are transversal. At a point of strict complementarity the active manifold
of C; N Cy is then C4q1 N Caq2 by the sum rule (Lewis, 2002, Cor. 4.6). Consider a solver whose

block-projection arguments satisfy ugk) — u} and uék) — uj. Step 1 gives Hcl(ugk)) € Cy, for

k > Ky and HCZ(uék)) € Cqp for k > Ko. From K £ max(K1, K3) on, both block manifolds, and
with them the active manifold C41MNC42 of C at y, are read off exactly. The iterate Il¢, (ugk)) need

not lie in C; before convergence: the solver identifies the manifold before it reaches a feasible point
on it.

Step 3: convergent solvers. Let the solver be a fixed-point map T whose fixed point s* returns
¥, and index each block-projection argument by the state s(*) it is formed from. Suppose that for
a constant L,
luf” —wfll < LoJs® -5, i=12 (S)

7

(k)

Then s*) — s* implies u,”’ — u, and Step 2 applies. Condition (S) concerns only how the solver
forms the arguments of its block projections, not the constraint set.

Step 4: iteration bound. Suppose in addition that the solver converges linearly, [|s(*) — s*|| <
(1 —6)*|s(®) — s*||, with the rate 1 — § of Assumption G. By (S), both arguments formed from s
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lie within ¢ of Step 1 as soon as ||s®) — s*|| < g/L,. Because (1 — §)* < e~% this holds whenever
k>t ln(LuHs(O) — s*||/0). Counting the one extra step at which an argument formed from s(k)
may be evaluated,

K < 2+ max{O, Léfl ln(LuHs(O) — S*H/Q)J} = 05! log(||s® — s*||/0))- O

A3.4 Proofs of the propositions on the face-restricted forward

For any solver map 7~ with state in R?, the face-restricted map from (12) is
TF(S’ Yraws X) =T T(TS + NZB7 Yraw; X) + NZBv

where z7 satisfies Nz® = Ns* (in practice Ns(5) at the identification iterate K, whose effect we
do not quantify; Remark 1).

Proposition 2 (Invariance and fixed point of 7). Let Sp £ {s : Ns = NzP}. Then
TE(s, Yeaw; X) € Sp for every s, and if NzP = Ns* then s* € Sp is a fized point of T .

Proof of Proposition 2. Since NT = 0 and N? = N, N7 (s) = Nz?. If Nz® = Ns* then
Ts* + Nz = s*, so T (s*) = TT(s*) + Ns* = Ts* + Ns* = s*. O

Proposition 3 (Local contraction of 7). Under Assumptions A-D and G, let NzP® = Ns*, let T
be differentiable at s* with Jacobian Jr, and put éc, = 1 — ||TI7T||2. Then éc, > 8, and for every
€ > 0 there is a neighborhood U of s* with | TT (s) —s*|| < (1 — ¢, +€)||s —s*|| for alls € SpNU.
If T is affine near s* (polyhedral blocks) one may take e = 0.

Proof of Proposition 3. Fors € Sg, Ts+Nz” =s and s —s* € range T, so T (s) —s* = T(’T(s) -
T(s*)) = TI7T(s —s*) + o(||s — s*||), with no remainder when 7 is affine near s*. The contraction
in Assumption G gives ||[J7h| < (1 — §)||h|| for every direction h, hence [|[TJ7T|s <1 —90. O

A3.5 Pooled-EMA update

The pooled exponential-moving-average update of Algorithm 2 is

st =(1-a® +ad Y s, vV =1 -a® ral Y v, (19)
ieB®) ieB®)

with rate a € (0,1] and per-sample fixed-point and adjoint sgt),vgt) produced by Algorithm 2 on
batch B®. This replaces the ©(Nd) memory of per-sample warm-start state with constant ©(d)

memory across the dataset.

Remark 1 (Partition used by the backward). Before the forward outputs have identified the active
manifolds, the candidate partition Cfi)(x) may differ from the true one, and a reduced solve on
a wrong partition differentiates the wrong manifold. Theorems 3 and 4 do not assume that the
partition read off an inexact forward state is correct: a wrong partition enters only through the
calmness constant Ly of the read-out gy, which must then also bound the resulting gradient error
on the ball of radius D. Under the uniform-radius condition in the last part of Theorem /, the
partition is correct at every step once T is large enough. Both theorems are stated for the pinned

values NzP = Ns*; the effect of the practical choice Ns'¥) is not quantified.
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A3.6 Proof of Theorem 3

Let @ be the objective of (PCO) with yg = Tlg() o fg, ®* = infg ®, and let s*(0;x) and gx(s)
denote the fixed point of the forward solver and the gradient read-out of Algorithm 1 computed
from a forward state s.

Theorem (Theorem 3, formal). Suppose Assumptions A-D hold at the training conteats, fg and
¢ are C', ® has an Lg-Lipschitz gradient on N, and the forward map T of Algorithm 1 contracts
toward its fized point, ||T(s) —s*|| < (1—10)||s —s*|| whenever ||s—s*|| < D = 4sup ||s*|| (supremum
over the training contexts and @ € N, ). Suppose also that the iterates 0 ) and the segments between
them lie in Ns, the backward solve is exact, and ||gx(s)—gx(s*)|| < Lg||s—s*|| whenever ||[s—s*|| < D.
Withn = 1/Le and K > 6~*max{In2, In(L,DVT)},

2Le (®(09)) — @*) +1
7 .

T-1

1
. (M2 < = vVe(OM)|? <
£IE¥||V<P(0 )| < TTE_OH (07" < (20)

Proof of Theorem 3. The argument is the descent lemma for gradient descent with a biased gradient.
Step 1 shows that the warm start stays bounded. Step 2 uses this to show that K forward steps
make the gradient bias at most 7-1/2. Step 3 shows that a bias of this size adds at most 1/T" to
the rate.

Setup. The smoothness and contraction conditions of Theorem 3 are Assumptions E and G
restricted to the training contexts, with (%) = 0 (the initialization of Algorithm 1) and hence D =

4Rs. Write sgt) for the forward state of context x; at step ¢ (the 7 of the statement), s £ s*(8); x;),
and

1
t) & ® A (t t
g 2 2 ea(s), b 2gl - veEY)

Theorem 1 and the chain rule (1), applied to each of the N terms of (PCO), give V®(OW) =
% Zz gxi (S:)

Step 1: bounded warm starts. Let M £ 3R, so that D = M + R,. Suppose [|51)] < M.
Then [[8® — s¥|| < D, every inner iterate stays within distance D of s¥, and K applications of the
contraction of Assumption G give

Is?? —stll < (1-6)D < D/2,

because K > 6~ 'In2. Hence ||s§t) | < Ry + D/2=3R, = M, and the pooled state s**1), the mean

of the updated Sl(t) (unchanged if none is updated), also satisfies ||§‘t1)|| < M. By induction the
bound holds for all ¢.

Step 2: bias. By the Lipschitz read-out and K > §~! ln(LgD\/T),
1
bl < ST Lylst? — st < LyD(1 — 8)K < LyD e K <1712,
i

Step 3: descent. The gradient V® is Lg-Lipschitz on the segment [G(t),H(tH)] C N, and
0+ = ) — yg(®) with 5§ = 1/Lg. The descent lemma gives

(0" < @(0") — n(VE, VP +by) + F[|VE + by||* = 2(01)) — 51| VR(0M)|* + 51 ||by|*.
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Summing over ¢ < T and using <I>(0(T)) > o,

0)y _ p*
S Ivaet)e < PO DY) LS 2
t<T t<T
and ||b¢||? < 1/T from Step 2 yields (20).

An accepted face projection does not change the argument. Feasibility and the multiplier signs
certify that it is the exact projection (Algorithm 1 accepts only when ||yraw —¥;| is below the global
reach R; of C(x;), and a feasible point with a normal shorter than the reach is the projection (Federer,
1959, Thm. 4.8(2),(12)), which needs only the reach at that point), so the context contributes the
exact read-out (Theorem 1) with zero bias, and it adds no state to the pooled average, which stays

bounded by M. O

A3.7 Proof of Theorem 4

Proof of Theorem 4. The proof follows the proof of Theorem 3, with conditional expectations in
place of exact gradients, and adds an identification step. Let F; be as in Assumption F, and let
M 2 max{||5©)||,3R;}, so that D = M + R,. Write s} 2 s*(8®); x;).

Step 1: bounded warm starts. Suppose ||| < M. Then [[§® — s*(0®;x)|| < D, and the
contraction of Assumption G applies along the whole inner run. Since (1 — §)¥ < %,

s < llsill + 318 — il < 3M + R < M.
The pooled update (19) is a convex combination of ) and an average of the s(t)7 so [V < M.

By induction this holds for all .
Step 2: bias. Let

b, 2 Elg) | Fi] — V(1Y) = Ex[gx(s\) — gx(s*(01); x))],

where the second form uses the gradient representation of Assumption E. The choice of K gives
(1—6)% < 79K <\ /5, so each forward output satisfies Hsg) —s*(0;x)|| < /1 D, and the Lipschitz
read-out gives ||by? < LgDQn.

Step 3: descent. The descent lemma on the segment [O(t), 0(t+1)] C N, uses three bounds. First,
Assumption ¥ gives E[|g)|?|71] < [ V0 + by + 0%/ . Second, —(V, by) < §[Vo|? + 3]be|
Third, 7 < 1/(4Le) (guaranteed by T > 16L%c2) gives 45|V + by||2 < 2(]|[ V|2 + |[by]?).
Together with Step 2,

2

E[@(00D) | F] < 3(01) — 2|VD(9W)|2 + 2112D% + Len’ e,

Step 4: telescoping. Take total expectations, sum over t < T', use ® > ®*, and divide by nT'/4:

2Lq>?70’2

1 4(®(00)) — o+
TZEW@(a(t))H?g (& nT) )+3L§D2n+ B

t<T

At n = ¢,T~/2 this is (16). The bound on min;7 E||V®(8®)||? follows because the minimum is
at most the average.
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Step &: identification. Under the additional hypotheses, apply Step 4 of the proof of Theorem 2
to each sample, starting from ||s() —s*(8);x)|| < D. The state before the last forward step satisfies

sV ="l < (1= 8D < i D/(1 - 4),

which is below gpin/Ly once T > (LUD\/@/((l — 5)Qmin))4. Both block-projection arguments of
the last forward step then lie within oy, of their limits, and Step 1 of that proof places the forward
outputs on Cyg ;(x). O

A4 Addendum to Section 4: experimental details and further re-
sults

All training runs use a single NVIDIA A100 (80 GB) on a shared cluster. ASPL is implemented in
JAX, except for the flow-matching projector, which is in PyTorch. IInet is run from the upstream
reference (Grontas et al., 2026), with reproduction verified on the d = 50 box-QP cell to within
+2% of reported loss.

A4.1 Parametric quadratic programming

We report two accuracy metrics. With J(y) = y Hy + q'y, the relative suboptimality is RS £
max (0, (J(y) — J(y*))/|J(y*)|) and the worst-case constraint violation is C'V £ max(||Ay —
Xl|oos || max(Cy — 1, 0)]|oc).

We solve the parametric QP of Section 4.1. The polyhedral feasible set C(x) = {y : Ay =
x, Cy < u} admits the affine N box decomposition after the standard slack lift Cy + o = u, o > 0.
Corollary 3 then differentiates the lifted projection in closed form: T selects free lifted coordinates,
N selects bound-active slack coordinates, and P is the orthogonal projector onto the lifted affine
nullspace.

We construct nine QP cells sharing ambient dimension (d = 2000), equality count (neq = 100),
and inequality count (nineq = 2000), with controlled active-set ratio | A|/nineq € {0.05,0.10,...,0.45}
at the optimum. Each cell contains roughly 8,000 training instances. Cells are sampled by drawing
H=MM' +0.11; with M;; ~ N(0,1/d) (a scaled Wishart matrix, shifted to be positive definite)
and q ~ N (0,1;), and tuning the bound u so that the target number of inequalities is tight at the
optimum. The recorded y* is the exact optimum with a uniquely identifiable active set, with KKT
residual < 8-10~™, minimum active multiplier > 6-1073, and minimum inactive slack > 1.91.

The backbone is a 4-layer MLP with d0qe1 = 512 and GeLU activations. We optimize with
AdamW (B; = 0.9, By = 0.999, weight decay 10~%) at learning rate 10~2 under a cosine schedule
with 200 warm-up steps, batch size 64, for 50 epochs (~ 6,200 steps per cell). The Douglas—Rachford
forward uses K4, = 200 iterations with w = 1, and the pooled-EMA warm start uses rate o = 0.05.

Table 1 gives the batch-64 results of Section 4.1. We also repeat the sweep at batch size 2048,
where the JAXOpt and DC3 columns are copied from Table 1 (not rerun). Table 3 reports relative
suboptimality and total wall-clock at d=2000 across the active-set sweep, and Figure 7 shows it
on the RS-CV and RS-time planes. Figure 8 repeats the comparison at d=1000 for ASPL (CG)
and IInet. ASPL is faster than IInet at every ratio. IInet has the lower RS at the smallest ratios
(< 0.15 at d=2000, < 0.20 at d=1000) and ASPL from there on: IInet’s RS grows by a factor of
about 33 across the d=2000 sweep and about 380 across the d=1000 sweep, while ASPL’s varies
by at most a factor of 3.

38



Table 3: Parametric QP with d=2000 and batch size 2048 across active-set ratios. Relative subop-
timality (RS) and total training wall-clock (s). All methods reach CV < 10~% except DC3, which
fails the hard-feasibility bar at every ratio. JAXOpt and DC3 entries are copied from Table 1. Best
per metric among the batch-2048 runs in bold.

ASPL (CQ) Tnet JAXOpt DC3
ratio RS / Time RS / Time RS / Time RS / Time

0.05 3.493e-4 / 63 2.830e-4 / 74 1.880e-4 / 7886 6.084e+1 / 521
0.10 3.220e-4 / 66 2.774e-4 / 79 2.623e-4 / 8217 1.160e+2 / 535
0.15 3.350e-4 / 67 3.076e-4 / 84 3.208e-4 / 8135 1.578e+2 / 530
0.20 3.354e-4 / 69 4.462e-4 / 82 4.943e-4 / 7938 1.976e+2 / 519
0.25 3.321e-4 / 72 6.819e-4 / 83 6.798e-4 / 8285 2.398e+2 / 521
0.30 3.485e-4 / 73 1.276e¢-3 / 84 1.316e-3 / 9560 2.820e+2 / 532
0.35 2.981e-4 / 74 2.590e-3 / 87 6.573e-4 / 10630 3.334e+2 / 527
0.40 2.858e-4 / 76 4.764e-3 / 89 1.347e-3 / 11547 3.758e+2 / 532
0.45 2.646e-4 / 76 9.420e-3 / 89 1.025e-3 / 14049 4.284e+2 / 528

A4.1.1 Backward accuracy on the lifted QP set

The feasible set is {w = (y,0) € R : Ay = x, Cy + o = u, o > 0} with d=p=2000,
neq=100, and A, C i.i.d. Gaussian with entries of variance 1/d, i.e., C; is the affine set {Mw =r}
with M = [49] and C; = {o > 0}. For each instance we draw y* ~ U[—1,1]%, a tight set A
of round((|A|/p)p) inequalities with 0% = 0 and o} ~ U[0.2,2] otherwise, set r = Mw*, and
Yiaw = W* + M v + ny with v ~ N(0,0.091) and (np),, ~ —[0.05,1] for i € A (zero elsewhere),
so that I¢(yraw) = W* with active set A and strict-complementarity margin at least 0.05. The loss
cotangent is ¢ ~ AN(0,T). The forward is the DR iteration (8) with w=1.7 started at s(*) = y,u;
the identified set at iteration k is the set of clipped slack coordinates. ASPL applies (18) on that
set (Cholesky of Pnn with the cached projector P onto ker M). The ambient baselines implicitly
differentiate the DR fixed point at the same state, solving (I— DsT)"v = r¢, with re = %Qc for the
cotangent ¢, with BICGSTAB (25 iterations and tolerance 10~ as in the IInet QP configuration,
or larger budgets), GMRES, or a dense LU of the analytic 4000 x 4000 matrix; unrolling back-
propagates through K DR steps. All methods share the forward state, the cached factorization of
MM ", and the cached projector P onto ker M (precomputed once per affine block in 4 ms and 21 ms,
excluded from all timings). ASPL pads the identified bound set to the batch maximum rounded up
to a multiple of 64, computed from the forward’s own identification. BiCGSTAB is a breakdown-
guarded fixed-budget implementation; GMRES uses restarts 10-50 with relative tolerance 10~'2,
The reference gradient is the orthogonal projection of ¢ onto ker M N {w : 04 = 0} computed from
the true active set by the free-coordinate formula ¢z — M(MpMJ) " '!Mpgcr (panels b-d), or by
dense implicit differentiation at the fully converged fixed point (3000 DR iterations; panel a); the
two references agree to 2 - 107 wherever the active set is identified. Timings are medians of 7
repetitions of the jitted backward (JAX, float64, one A100 80GB, batch 64), excluding compilation.

A4.2 Second-order cone programs with many cones

Apart from the collision cones of motion planning, the sets in Section 4 are polyhedral. This
benchmark tests the curved case of Corollary 2 with many cones, and a varying share of them

39



0.45
10-2] 0.45
: Zg(;i CG 0.40 10724 M@ nrnet O
(€6 o A ASPL (CG) 0.40
0.35 a
o 0.35
g, 8
2 03¢ £ 030 T
2w
(] %) )
7 102 4 . 0252 g ] m 0.25 3
2 >3 o
? 0205 £ O 0.20 &
g * 3
A A A 0.15 A 4 0.15
A A A A
0.10 0.10
T T T 0.05 T T T T T T 0.05
10-° 1077 1075 65 70 75 80 85 90
test CV time (s)

Figure 7: QP Pareto frontiers across the active-set sweep for batch size 2048. Left: test RS vs. test
CV. Right: test RS vs. training wall-clock time.
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Figure 8: QP Pareto frontiers across the active-set sweep at d = 1000 and batch size 2048. Left:
test RS vs. test CV. Right: test RS vs. training wall-clock time.

active. Each instance is

"'X’CSO

soc)

st. Ayi+y2 =b(x), y2 € K=KL. x

: T
min ¢ yi soc

Y1

(21)

with 50 Lorentz cones of dimension 10 (m=>500 slack coordinates). Nine cells sweep the fraction of
cones active at the optimum from 10% to 90%, with dy, equal to the number of active cones (5 to
45). An MLP maps b(x) to y1, and the layer projects its output. ASPL uses the conic dual solver
of Appendix A2.2 with the dense m x m adjoint built from the per-cone Jacobians at the current
iterate. We compare with IInet (Grontas et al., 2026) with a small regularization, which it needs to
approach feasibility here, with the exact solvers SCS (O’Donoghue et al., 2016) (native and through
CVXPY (Diamond and Boyd, 2016)), and with cvxpylayers (Agrawal et al., 2019) trained end to
end. The reference is Clarabel (Goulart and Chen, 2026). A test output counts as feasible if its
cone violation is at most 10~%. The learned methods train for 1,500 steps with a 6,000-iteration
forward on one A100. Single-instance and batch (512 instances) inference times are measured on
the same GPU, and the exact solvers run on CPU.
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Table 4: SOCP with 50 cones, ranges over the nine active-cone ratios (10%-90%). Feasible: share
of test outputs with cone violation < 10~*. Train: training time of the learned methods. Times in
ms per single instance and per batch of 512.

Method Feasible (%)  Train (s)  Single (ms) Batch (ms)
ASPL (conic dual) 100 213-218 95-98 265-279
IInet, regularized 92-100 269-291 86-90 434-461
SCS 100 - 8-42 4,354-24,025
CVXPY (SCS) 100 - 13-93 6,545-59,801
cvxpylayers, trained 0-1 3,532-10,624 912-13,409 4,197-17,773

ASPL is feasible on every test instance at every ratio (Table 4), and its relative suboptimality
differs from that of SCS by at most 1.5 x 1073. Regularized IInet reaches the same objective but
misses feasibility on up to 8% of the instances. ASPL needs about a fifth to a quarter less training
time than IInet and projects a batch about 1.6x faster, and its time stays flat as the share of
active cones grows from 10% to 90%. The exact solvers are feasible but take seconds per batch, and
cvxpylayers trained end to end does not reach feasibility within its budget.
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Figure 9: Theorem 2 in detail. Lifted QP feasible set of Section 4.1 (d=p=2000, ambient
dimension 4000) with known projection. (a) Error vs. forward iterations at |.A|/p=0.45 (medians
over 24 instances, 3 seeds): once A is identified (in every instance for £>15, shaded; the median
error drops at k~10) the ASPL gradient matches the reference to ~10~1* although the forward
has not converged (dashed). Here unrolled DR differentiates through all k forward steps; in (b)—(d)
through K4,=50. (b) Error at K4,=50: ASPL matches exact ambient IFT (dense LU, converged
GMRES) wherever the forward has identified A, while IInet’s BiCGSTABx25 degrades by four
orders of magnitude as the ratio grows. (c) Backward time (batch 64, one A100); labels: ASPL’s
speedup over the cheapest Krylov configuration reaching 107'2 accuracy. (d) Accuracy vs. cost at
|A|/p=0.45 as each baseline’s budget varies. Panels (b)—(d): 64 instances from one seed.
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A4.3 Multi-robot motion planning

Following the multi-robot trajectory-generation setting of IInet (Grontas et al., 2026, §3.2, App. B.3—
B.4), N agents traverse H steps with position yi € R?, velocity vi € R?, and control u} € R%. The
decision variable z = ({yi},, {vi}L,, {ui} 1) € RVNOH+Y) minimizes a reach-and-effort cost
subject to dynamics, joint/velocity/acceleration/jerk limits, and pairwise collision avoidance:

min S I+ 3 S vl — €1 + A Ben({y i )
it p
st yiy =i+ ALvE, Vi = v+ Atug, (yg, V) given, (22)
1< y;: <u, |V1Z5‘ < Vimax, ‘UH < Umax, |ui+1 - uﬂ < Jmax,

Hyi_y{Hstafe vz?'é], t:O,...,H.

Box, velocity, acceleration, and jerk limits stack into affine inequalities through the finite-difference
operators D1, D2, D3. Dynamics fold into an affine equality. The pairwise distance constraint is
nonconvex. We linearize it around the previous iterate as nZTJ(y,% —y]) > dsafe, or lift it to the Lorentz
inequality ||Ayij —dsateDijll2 < n;rjAyij . The composite is polyhedral N SOC, and Theorem 1 applies
block-by-block via Corollaries 2 and 3.

The benchmark has three sizes (r5h25: N=5, H=25, d=770; r8h50: N=8, H=50, d=2432;
r16h100: N=16, H=100, d=9664), each instantiated at nine controlled active-set ratios nact/(d —
neq) € {0.10,0.20,0.30, 0.40, 0.50, 0.60,0.65,0.70,0.85} (denoted r1, r2, ..., r9). For r16h100 we
report only the per-step position error at r7-r9 (Figure 10).

Both methods train for 50 epochs, learning rate 3x107%, two-layer projected MLP with 400
features. IInet: Kg, = 200, w = 1.7, Niter bwa = 200, batch size 256 (the reference implementation’s
default). ASPL: Kg4, = 200, w = 1.7, batch size 512, both ASPL (Chol) (direct Cholesky on the
dn X dn normal block) and ASPL (CG) (conjugate gradient) variants of Theorem 1. On r16h100
the gap in per-step position error is under one order of magnitude (Figure 10).
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Figure 10: Per-(instance, step) position error for IInet and ASPL, evaluated across 16 robots over a
horizon of 100 steps at active-set ratios 0.65, 0.70, 0.85 (left to right). Position error is the per-step
Euclidean distance to the ground-truth trajectory. At all three ratios, ASPL’s error is below IInet’s
over most of the horizon. Near mid-horizon IInet’s error dips below ASPL’s.

A4.4 Inverse kinematics on real teleoperation logs

Differential inverse kinematics is a parametric projection in the sense of Section 2, and every datum
of the problem is a parameter. Given the measured configuration q; and the operator’s target,
a frame asks for the joint velocity closest to a raw command vi*¥ (the output of a policy or
of a retargeting stage) that realizes the task twist and respects the limits: J(q¢)vy = e; and
Vimin (dt) < Vi < Vinax(Qe), where the box carries both the velocity limits and the joint-position limits
divided by the timestep. Policies emit chunks of T' frames, and smoothness is a constraint on the
chunk, not on a frame: |viy1 — vi| < amaxAt. The layer is therefore the projection of the raw chunk
Vraw ¢ Rt onto C(x) with x = (J1:7, €1:7, Vinin, 1:7 Vmax,1:T» Gmax): block-diagonal equalities, a
box, and a banded coupling. We lift the coupling into the equality block with w; = vy41 — vy, so
both proximal maps of the splitting are closed form (one reduced affine solve whose T x T' chain
factor is shared by every joint, and a clip), and the identified face is solved exactly by the reduced
system of Theorem 1: the box rows are unit vectors and drop out, leaving a Cholesky on the equality
rows plus the few active coupling rows. The layer certifies its output. The 2-5% of chunks where
the operator’s target jumped (the recorded robot itself misses these targets by 0.5-2.5rad/s) are
re-identified with an interior-point pass on that sub-batch only, and finished by the same exact face
solve.

All instances come from real teleoperation logs at 30 Hz, with targets given by forward kinematics
of the recorded joint commands and raw commands equal to the recorded joint velocity plus policy-
like noise (0.30 per coordinate). (i) The Dexmate Vega-1 from the tactile teleoperation corpus of
Niu et al. (2026): torso and both arms, nger=17, 3D position task per hand. (ii) The Unitree G1
humanoid from Unitree’s public whole-body teleoperation datasets (Unitree Robotics, 2026): all 29
joints plus the floating base (ngof=35), position task for both wrists and a full 6D task for both
feet (18 rows), on a standing table task and on a task that includes walking. Held-out episodes are
never used for calibration.

We compare with QP solvers on the same chunk problem (Clarabel (Goulart and Chen,
2026), quadprog, ProxQP (Bambade et al., 2022), 0SQP (Stellato et al., 2020)), the differentiable
cvxpylayers (Agrawal et al., 2019), and the per-frame IK that teleoperation stacks actually run:
PINK (Caron et al., 2024) and an SNS-style task-exact step (Flacco et al., 2015). The main test is
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closed loop: on six held-out episodes per robot, each method’s velocity is executed (integrated) and
fed back, so per-frame compromises accumulate. Every method is subject to the same task, the
same limits and the same acceleration bound, the 90th percentile of the operator’s own recorded
joint acceleration, imposed on the next frame relative to the executed history. ASPL runs in
receding horizon (T=8, execute one frame, replan, warm-started from the previous solution). The
per-frame controllers see the bound as a tightened box on the frame they solve. When a target is
unreachable within the constraints, every method scales the task the same way.

Section 4.3 and Figure 4 summarize the closed-loop and timing results. Some details are not in
the main text. A controller that sees one frame must scale the task whenever the bound and the
target conflict and then never catches up, which is why the per-frame controllers drift. Clipping
the raw command drifts by 17-87mm. On walking, ASPL’s RMS joint acceleration is 13% below
that of bounded PINK and 16% below the shipped per-frame controllers. Latency per control step
at batch 1 is 6-14ms for ASPL against 4-11ms for Clarabel, well inside the 33 ms period. The
advantage in time is in the batched regime: 3.7-4.7x over Clarabel at T=16 on one chunk set
(2.2-7.2x over three), 2-3.5x at T=64, and 25-140x over quadprog and cvxpylayers at T=16.

Of the solvers above, only cvxpylayers also returns a derivative. Because the layer is affine
on the identified face, its adjoint is one reduced solve with the factor the forward already holds: it
agrees with central finite differences of the exact solution to within the reference’s own accuracy
(1077 to 3 x 1073, the same figures a converged 200-step unroll attains) at 36-150x lower cost than
that unroll. cvxpylayers costs 1.4 x 103-1.2 x 10* times more per gradient than the reduced adjoint,
with relative errors up to 5 x 10! against the same finite differences, because its conic solver stops
early. We also use the layer in an amortized IK network in the spirit of learned IK (Ames et al.,
2022), one MLP from the frame’s parameters to a joint velocity trained on past episodes and tested
on held-out frames. A regression head violates a limit on 67-78% of frames and misses the task by
0.17-0.74rad/s. Clipping fixes the limits and not the task. With the ASPL layer as the output
head the same network satisfies the task to 4 x 107!! on every held-out frame and the limits on
99.6-99.9% of them, at 5-7 us per frame, whether the layer is trained through or only applied at
inference.

A4.5 Maze trajectory planning

We use the maze example of Marcucci et al. (2023), which casts smooth obstacle-avoiding trajectory
planning as a Graph-of-Convex-Sets (GCS) program: each free cell of a polytope decomposition is a
node, edges encode cell adjacency, and the full problem selects a cell sequence and fits a Bézier curve
to it. We fix the cell path by BFS and train ASPL to amortize the resulting convex subproblem:
one MLP forward pass followed by the projection onto that path’s polytope.

For a maze of side Mpyaze € {10, 15,20, 25,30}, we first run BFS on the cell-adjacency graph to
extract the unique corner-to-corner cell sequence P* = (cq,...,cp). The decision variable stacks
N.=T7 Bézier control points (degree-6 segment) per cell:

Z = [Cl,l)""CL]Vc?"‘7CMP717""CMP71\7¢:| GRzMPNC. (23)

Equality constraints Aeqz=b(pg,py) pin the trajectory endpoints to the (per-sample) start/goal
points po, pg, enforce zero start/goal velocity and acceleration, and impose C°/C'/C? continuity at
each of the Mp—1 internal segment junctions (neq = 124+6(Mp—1) rows). Box constraints1 <z < u
confine every control point to the polytope of its parent cell. The cost

J(z) = 3z2'Hz, H = D'D + I, (24)
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Figure 11: Example maze trajectory on scenario S3 (novel maze; an S2 example is in Figure 5). The
right panel is the ASPL output; the left panel shows a trajectory from the GCS pipeline of Marcucci
et al. (2023) for visual comparison only (the quantitative reference is the fixed-path QP solution

).

penalizes the squared second difference along consecutive control points (the discrete analogue of the
curve’s curvature), with e=1073 a strict-convexity regularizer. This is the GCS subproblem with
the path fixed. Its exact solution z*, computed with an interior-point solver (Clarabel through
CVXPY), is the reference for all metrics.

We test two scenarios: S2, a fixed maze layout with start and goal varying across samples, and
S3, a new maze and endpoint pair per sample. Datasets have 1024 (S2) and 2048 (S3) instances with
an 80/10/10 train/validation/test split. The backbone is a small MLP. A banded-Cholesky spectral
prefilter S = (I + 10H)™! is applied to its output before the projection, and a tube constraint
(6=0.45 on interior control points) and C® continuity rows at the junctions are part of the projected
constraint set. The projection layer runs 200 iterations of a dual-ascent forward. The training loss
is the mean-squared error to z* for M.z € {10,15} and the D" D-weighted error ||D(z — 2*)||? for
Maze € {20,25,30}.

Figure 11 shows an example on a new maze (S3). Every test output satisfies the cell-polytope box
constraints, and the equality constraints, including the pinned endpoints, hold up to the projection’s
solver tolerance (< 1072 in our audit).

A4.6 Constrained flow matching

We deploy ASPL on top of the point-cloud manipulation policy ManiFlow (Yan et al., 2025) (ar-
chitecture in Appendix A4.6.1) on the Aloha-Agilex twin-arm robot in SAPIEN. With observation
o € O and action chunk Ag(o), every bimanual chunk must satisfy box bounds on the joints,
finite-difference velocity and acceleration limits, an initial-state equality a;=qq or, under real-time
chunking (RTC) (Black et al., 2025), the prefix equality a;.q=c; together these form a polyhedral
set C(0) covered by Corollary 3. Constrained flow matching is then

mingnize Eo [¢(Ag(0);0)] st. Ag(o) € C(o) for every o, (CFM)
with ¢ the regression 4+ flow-matching loss defined below. As in Section 4.5, the projection is applied
at inference only.

We train the ManiFlow-PointCloud policy on RoboTwin 2.0 (Chen et al., 2026) (one training
seed) and evaluate it on the same 100 fixed episodes per task (one evaluation seed) for 1ift_pot,
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Figure 12: ManiFlow (Yan et al., 2025) pipeline that ASPL wraps. A point-cloud encoder (DP3; Ze
et al., 2024) produces visual tokens. Together with language and proprioceptive tokens these are
consumed by the DiT-X transformer that parametrizes the velocity field vg. The Euler ODE (26)
integrates from Gaussian noise to a denoised chunk; ASPL applies the projector ll¢(o) to the termi-
nal ODE state at inference. The policy is trained with the standard ManiFlow losses. Reproduced
from Yan et al. (2025).

open_laptop, pick_dual_bottles, and put_object_cabinet, with and without the Il¢ layer (per-
task joint, velocity, and acceleration bounds of Appendix A4.6.2, plus the initial-state and RTC
equalities). Section 4.5 and Figure 6 report the success rates. On 1ift_pot and open_laptop the
gains and losses balance.

Flow matching for action chunks. We build on the flow-matching construction of Lipman
et al. (2023) and Liu et al. (2023). A chunked manipulation policy maps an observation buffer
o € O (visual, proprioception, optional language) to an action chunk A € RA*™ that the controller
executes. Treating the chunk as a point in R”", flow matching trains a time-conditioned velocity
field vg(x¢,t | 0) : RH"x[0,1] x O — RH"™ to align with the straight-line conditional flow between
Gaussian noise and the demonstration target. Given (0, Ag)~D, x9~N(0,I), x1 = Ag, t~U|0, 1],
and x¢ = (1 — t)xo + tx1, the flow-matching loss is

EFM(E)) = E(o,xl),xo,t H Va(Xt,t ‘ 0) — (Xl—X()) H2 (25)

At inference, an action chunk is generated by integrating X; = vg(x,t | 0) from xg to x; with an
explicit Euler scheme on K uniform steps,

Xty = Xg, + %va(xtk,tk\o), k=0,...,K—1, (26)

and denormalized to give the raw action chunk A, € RE*n  We abbreviate the entire forward
map o — A,y by fg. A complementary consistency-training term (Song et al., 2023; Frans et al.,
2025) ties vg at intermediate times to a slowly evolving EMA target.

A4.6.1 Backbone and DiT-X block

For the RoboTwin 2.0 bimanual setup we use H=16 tokens of action and n=14 joint DoFs (two
7-DoF arms), so the flattened chunk lives in R”™ with Hn=224. By ManiFlow’s convention the first
token ag is a non-executed reference and the executed slice is Aexec = A[l:H], the H—1=15 tokens
after the reference (the configured n,ction=16 is truncated to them); consequently the initial-state
equality a; = qo must select column block [n,2n) of y, not [0, n).
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The DiT-X transformer (Yan et al., 2025; Peebles and Xie, 2023) stacks L=12 blocks with
Hycaq=8 attention heads at embedding dimension nem,=768. Each block applies AdaLN-Zero con-
ditioning on the timestep token and an adaptive cross-attention mechanism that lets action tokens
attend to the multi-modal stream through learned scale-shift parameters. We use the architecture
as released (Figure 12). The visual conditioner is the DP3 (Ze et al., 2024) point-cloud encoder
(128-dim feature). Language conditioning, when present, comes from a frozen T5 encoder. Propri-
oception is a 2-layer MLP with token-level masking probability 0.2 during training. Three streams
interact inside one block: an action stream of H tokens carrying x;,, a multi-modal observation
stream, and a sinusoidally embedded timestep stream. Each block applies AdaLLN-Zero modulation,
self-attention on the action stream, adaptive cross-attention (Reuss et al., 2024) where action tokens
query the observation stream, and a 4 x-expansion feed-forward MLP, all with residual connections;
AdaLN-Zero initialization makes the block start as the identity. The ODE is integrated for K=10
Euler steps both at training and at deployment (parity with the released checkpoint). The projector
(o) adds ~ 6ms per chunk on top of ODE integration.

A4.6.2 Constraint set C(o) and polyhedral instance

We expose every constraint in factored form so it lifts directly to the polyhedral ASPL algorithm,
with 1 the all-ones vector in R¥ and ® the Kronecker product. Joint position bounds (Cy, box)
tighten the URDF lower/upper bounds to the demonstration min/max:

(]-H ®qmin) <y < (]-H ®qmax)> (27>
with the range [Qmin, Qmax] Widened about its midpoint by a factor 1.2, contributing 448 = 2Hn
box bounds. Joint-velocity inequalities (Cg, affine) use the first-order finite-difference operator
D, € R -1)nxHn.

“Fmax < D1y < Omaxs Gmax = 1.2-p99({ 2% — a#|}), (28)

contributing 2(H—1)n = 420 inequalities. The 1.2x margin is chosen so that every ground-truth
trajectory satisfies the bound. Joint-acceleration inequalities (Cs, affine, anti-oscillation) use the
second difference Dy € RUH—2)nxHn,

—Qpax < D2y < Qmax, AOmax = L5 P99({ |a1(5it1) - 2a§gt) + al(géth })a (29)

contributing 2(H—2)n = 392 inequalities. This bounds oscillation. Initial-state equality (Cy) re-
quires the first executed action to match current proprioception:

Einity = qo, Einit € R (Eipit) jntj = 1, (30)

where the column block [n, 2n) targets a; (the first executed token), not the discarded reference ay.
Real-time chunking consistency (Black et al., 2025) (Cs, affine equality) pins the committed prefix
c € R™ (d = 4 tokens, 56 components) from the previous chunk:

E.y = c, Ere € RV (B0 =1, i€ 0,dn); (31)

sliding-window updating preserves d—1 = 3 executed-token overlap between consecutive chunks.
Using one of the equalities Eipi; or Ey (the RTC prefix replaces the initial-state row when it is
active), inequalities (D1; D3), and the box bounds gives the unified set

C(O) = {y € RHn : Aeqy = beq(o)a 1ineq < Cineqy < Uineq; lhox <y < upox }a (32>

with neq € {14, 56}, Nineq=812, npox=448; this is the polyhedral instance of Corollary 3, so Theorem 1
would supply the backward if the policy were trained through the layer (here it is applied at inference
only).

48



A4.6.3 Unified Douglas—Rachford projector

We treat Il¢o) as a single layer that projects jointly across all five constraint families. Follow-
ing Grontas et al. (2026) and Bauschke and Combettes (2017), we lift the inequalities to slacks
Sineq € R™nea and form the lifted variable ¥ = (y; Sineq). The lifted equality matrix and right-hand

side are
_ (A O i _ [beq(0)
a= (&m0 B = ("), (39

with lifted box I = (Ipey; lineq); @ = (Uphox; Wineq)- The two prox sets are then C; = {y : Ay = Eeq}
and Cy = [1,1]. The cached affine projector is Il¢, (y) = V—K;(Keqy—ﬁeq) with K:q precomputed
once per task. The DR step is the over-relaxed scheme of Davis and Yin (2017) and Bauschke and
Combettes (2017) with w=1.7, 0=0.1:

>

S+ _ g 4, (HCQ(QHCI (s®)) —s0)) — 11, (§(k))>, (34)

followed by the data-fit weighting ¥* <— (6D 2y aw +1Il¢, (8))/(1+0D?) on the primal block. Iterating
K4,=200 steps meets the equality and velocity constraints to 10~ and the position box to 1073.
The policy is not trained through the projector, so no backward pass is needed. Per-chunk wall-clock
is dominated by 200 matrix-vector products with K:q (1036 x (ncq+812)): 6.1 ms on a single CPU
thread, <1 ms/chunk batched at 32. The DiT-X forward dominates by an order of magnitude.
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